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HEIGHT AND CONTOUR PROCESSES OF CRUMP-MODE-JAGERS FORESTS (I): 
GENERAL DISTRIBUTION AND SCALING LIMITS IN THE CASE OF SHORT EDGES 

EMMANUEL SCHERTZER AND FLORIAN SIMATOS 


Abstract. Crump-Mode-Jagers (CMJ) trees generalize Galton-Watson trees by allow¬ 
ing individuals to live for an arbitrary duration and give birth at arbitrary times during 
their life-time. In this paper, we are interested in the height and contour processes en¬ 
coding a general CMJ tree. 

We show that the one-dimensional distribution of the height process can be ex¬ 
pressed in terms of a random transformation of the ladder height process associated 
with the underlying Lukasiewicz path. As an application of this result, when edges of 
the tree are “short” we show that, asymptotically, (1) the height process is obtained by 
stretching by a constant factor the height process of the associated genealogical Galton- 
Watson tree, (2) the contour process is obtained from the height process by a constant 
time change and (3) the CMJ trees converge in the sense of finite-dimensional distribu¬ 
tions. 
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1. Introduction 

1.1. Gallon-Watson forests and their scaling limits. A planar discrete rooted tree is a 
rooted tree where edges have unit length and which is endowed with an ordering on 
siblings, in such a way that it can be naturally embedded in the plane. Since the semi¬ 
nal work of Aldous, Neveu, Pitman and others l2l0|4l[T71|22|23], it is well known that 
such a tree is conveniently encoded by its height and contour processes. To generate 
these processes, one can envision a particle starting from the root and traveling along 
the edges of the tree at unit speed, from left to right. The contour process is simply con¬ 
structed by recording the distance of the particle from the root of the tree. To generate 
the height process, we start by labeling the vertices of the tree according to their order 
of visit by the exploration particle (i.e., from left to right): the height process evaluated 
at k is then given by the distance from the root of the fcth vertex. 

From a probabilistic standpoint, a particularly interesting case is the Galton-Watson 
case where each individual u in the tree begets a random number of offspring ^u, these 
random variables being i.i.d. with common distribution In the critical and subcriti- 
cal cases - i.e., when E(0 < 1 - the tree is almost surely finite. Considering an infinite 
sequence of such i.i.d. random rooted planar trees, we can generate a random (planar) 
forest with its corresponding contour and height processes - respectively denoted by Sg” 
and ^ - obtained by pasting sequentially the height and contour processes of the trees 
composing the forest. 

When E(^^) < oo, Aldous (4] proved that the large time behavior of those processes 
(properly normalized in time and space) can be described in terms of a reflected Brow¬ 
nian motion. More precisely, in the critical case E(f) = 1 and if 0 < ct = Var(f^) < oo, we 
have 

^ - (|u;(f)|,|ic(f/2)|) 

\s/P s/p I cr 

with w a standard Brownian motion and the convergence holds weakly (in the func¬ 
tional sense). 

When the second moment of the offspring distribution is infinite and the offspring 
distribution is in the domain of attraction an a-stable law with a e (1,2), Le Gall and Le 
Jan [19] and then Duquesne and Le Gall (9) proved the existence of a scaling sequence 
{Ep, p e N) and a limiting continuous path such that 

[Epje{\pt]),Ep^{pt)) ^ 

where can be expressed as a functional of a spectrally positive Levy process. As in 
the finite second moment case alluded above, we note that the height and contour pro¬ 
cesses are asymptotically related by a simple deterministic and constant time change. 

1.2. Crump-Mode-Jagers forests. The subject of the present paper is the study of the 
height and contour processes of planar Grump-Mode-Jagers (GMJ) forests, which are 
random instances of chronological forests. Chronological trees generalize discrete trees 
in the following way: each individual u is endowed with a pair (Vu,d^u) such that: 

(1) Vu e (0,oo) represents the life-length of u; 

(2) is a point measure which represents the age of u at childbearing. In partic¬ 
ular, we enforce Suppit^u) (0, Vu], so that individuals produce their offspring 
during their lifetime. 

Note that = l5®u(0, Vu\ is the number of children of u. As noted by Lambert in fT4l . 
a chronological tree can be regarded as a tree satisfying the rule “edges always grow to 
the right”. This is illustrated in Figure [1] where we present a sequential construction of 
a planar chronological forest from a sequence of “sticks” (o = [cOn,n > 0), where cOn = 
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Figure 1 . We start atn-0 with nothing, then add wq at time n= 1. At 
this time, there are two stubs and so the next stick aii is grafted to the 
highest stub, and we repeat until time n = 10 at which time no more 
stub is available and the tree is built. Then, the next step proceeds with 
the construction of the next tree, thus constructing the second tree of 
the forest, etc. 
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At time n-0 we start with the empty forest and we add the stick coq at time n- 1. In 
the case considered in Figure [T] has two atoms which correspond to birth times of 
individuals, but these two atoms are not yet matched with the sticks corresponding to 
these individuals. These unmatched atoms are called stubs, and when there is at least 
one stub we apply the following rule: 

Rule #1: if there is at least one stub, we graft the next stick to the highest stub. 

Thus, we iteratively apply this rule until there is no more stub, at which point we 
have built a complete chronological tree with a natural planar embedding. Figure [T] 
illustrates a particular case where at time 10 there is no more stub, in which case we 
apply the following rule: 

Rule #2: if there is no stub, we start a new tree with the next stick. 

Thus, starting at time n-0 from the empty forest and iterating these two rules, we 
buUd in this way a forest F“, possibly consisting of infinitely many chronological trees. 
By definition, a CMJ forest is obtained when the initial sticks are i.i.d., and throughout 
the paper we wUl denote their common distribution by {¥*,&**). 


1.3. Chronological height and contour processes of CMJ forests. As for discrete trees, 
the contour process of a CMJ forest is obtained by recording the position of an explo¬ 
ration particle traveling at unit speed along the edges of the forest from left to right, 
moving, when a chronological tree is represented as in Figure[Tl at infinite speed along 
dashed lines. This process wiU be referred to as the chronological contour process asso¬ 
ciated to the CMJ forest, and the chronological height of the nth individual is defined as 
its date of birth. We define the genealogical contour and height processes as the contour 
and height processes associated to the discrete forest encoding the genealogy of F“. 

Contour processes of CMJ forests have been considered by Lambert in [M] in the 
particular setting where birth events are distributed in a Poissonian way along the sticks 
independently of the life-length - the so-called binary, homogeneous case. Under this 
assumption, the author showed that the (jumping) contour process is a spectrally posi¬ 
tive Levy process. See also (8l[Tni|T5l|T6l|24l|25l for related works. 

To our knowledge, litde is known in the general case and in the present study, we 
determine in full generality: 

(1) the distribution of the contour/height process of a CMJ forest; 

(2) the correlation between the height/contour process of a CMJ forest and the 
height/contour process of its underlying genealogy. 

One of our first result is a description of the one-dimensional marginal of the height 
processes of a CMJ forest in terms of a bivariate renewal process. This two-dimensional 
process is constructed as a random functional of the weak ascending ladder height pro¬ 
cess associated to the dual Lukasiewicz path starting from n. This is is the subject of 
Section|3l 


1.4. Scaling limits. In the near-critical case it is weU-known that, properly scaled in 
time and space, the genealogical height and contour processes associated to Galton- 
Watson trees converge toward a continuous process. Except for the binary, homoge¬ 
neous case and to the best of our knowledge, little is known outside this case: we claim 
that our results highlighting the distribution of the chronological height process can be 
used to deal with a broad class of CMJ forests. 
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To support this claim, we treat in details in the present paper the case of short edges 
where the genealogical and chronological structures become deterministically propor¬ 
tional to one another. Moreover, current work in progress |32] suggests that our tech¬ 
niques can be extended to a broader class of CMJ forests including cases where the ge¬ 
nealogical and chronological structures are not deterministically obtained from one an¬ 
other, see Section fLHl below for more details. 

To explain our results in the short edge case, let Y* be the random number obtained 
by first size-biasing the random variable (i.e., the number of atoms in the point 
measure and then by recording the age of the individual when giving birth to a 
randomly chosen child. The mean of Y* has a simple expression, namely 



As noticed by Nerman (^, this random variable describes the age of an ancestor of a 
typical individual u when giving birth to the next ancestor of u. For this reason, Y* and 
in particular the condition E(Y*) < oo - which is one way to formalize the “short edge” 
condition - plays a major role in previous works on CMJ processes, see for instance (26l 
|27l [28l |29] [30l |3T]. In the present paper we prove that if E(Y*) < oo, then in the near- 
critical regime the asymptotic behavior of the chronological height process is obtained 
by stretching the genealogical height process by the deterministic factor E(Y*). This 
result is stated and proved in SectionlH 

The analysis of the contour process is more delicate (see Section fT31 below for more 
details). Our main result shows that when E(V*) < oo - another way to formalize the 
“short edge” condition - the chronological contour process is obtained from the chrono¬ 
logical height process by rescaling time by the deterministic factor l/(2E(y*)). Hence, 
again provided that edges are short enough, this result provides a relation between the 
height and contour processes which is analogous to the discrete case. This result is 
stated in Section[5]where the general structure of the proof is given, and details are pro¬ 
vided in Section!?] 

Finally, we prove that when both Y* and V* have finite means, the minimum of the 
chronological contour process is obtained by scaling the minimum of the genealogical 
height process, in space by E(Y*) and in time by 1/E(H*). This shows that the genealog¬ 
ical and chronological trees, and not only the height/contour processes, are asymptoti¬ 
cally close to one another. In particular, under these assumptions the CMJ trees them¬ 
selves converge in the sense of finite-dimensional distributions. 

1.5. Technical challenges. As already discussed, Duquesne and Le GaU (9) showed un¬ 
der rather mild conditions that the contour and height processes of Galton-Watson 
trees converge weakly to a continuous function. In the GMJ framework, we establish 
convergence in the sense of finite-dimensional distributions to a limiting object pro¬ 
vided that edges are short enough. In Section |8| we present simple examples where 
finite-dimensional distributions of the scaled contour and height processes converge, 
but the processes themselves fail to converge in a functional sense. To be more precise, 
in this example the contour process becomes unbounded on any finite time-interval. 
This gap between convergence of finite-dimensional distributions and weak conver¬ 
gence also exists in the Galton-Watson case, however we argue in Section |8| that it is 
more significant in the CMJ case. 

The main steps of the proof of our result on the relation between the contour and 
height processes in the case of short edges (i.e., when E(l?*) < oo) are highlighted in Sec- 
tion l5.2l Due to the potential existence of pathological times when the contour/height 
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process becomes degenerate (as illustrated by the example in Section [8), the conver¬ 
gence of the contour process raises new technical challenges that are absent in the dis¬ 
crete setting. In order to overcome those difficulties, we develop new tools presented in 
Sections!^ and[7l 

1.6. Perspectives. The present paper aims at initiating the systematic study of scaling 
limits of CMJ forests. Most of the present paper is devoted to developing fundamental 
tools which, we believe, have the potential to tackle a hroad class of CMJ forests and 
which will he the basis of subsequent papers. 

The cornerstone of our approach is ProDosition l3.4l below. which indicates how to re¬ 
cover a CMJ forest from its underlying genealogy by a random stretching. At the discrete 
level, this stretching operation is correlated with the genealogical structure in intricate 
ways but it suggests three possible universality classes: 

First class: the random stretching becomes asymptotically deterministic (this is the 
class to which Galton-Watson forests belong); 

Second class: the stretching remains random in the limit, hut uncorrelated with the 
genealogy; 

Third class: the stretching remains random and correlated with the underlying genealog¬ 
ical structure. 

To show the potential of our techniques, we deal in the present paper with the first class, 
which corresponds to the “short edge” condition discussed earlier. 

In current work in progress (32] we are dealing with the second class. Starting from 
the limiting genealogical structure, encoded by a continuous path, tbe chronological 
height process is obtained by marking the branches of the forest with a Poisson point 
process: each mark carries a random number encoding the chronological contribution 
of the vertex under consideration. We conjecture that the limiting object should be re¬ 
lated to the Poisson snake (see e.g., (Tj and (5)). 

Finally, studying the third class will presumably require new ideas given that the cor¬ 
relation structure may be quite involved: this will be tbe subject of further study. 

2. Spine, height and contour processes 

In tbis section, we introduce the spine process, that can be thought of as a general¬ 
ization of the exploration process first defined by Le Gall and Le Jan in (191 . 

The idea underlying the definition relies on the decomposition of the “spine” - or 
“ancestral line” - lying below the point of the tree corresponding to the birth of the nth 
individual. In the nth step of the sequential construction presented on Figure [T| this 
corresponds to the path in the forest starting from the root and reaching up to n (which 
also corresponds to the right-most path in the planar forest constructed at step n). As 
can be seen from the figure, this path is naturally decomposed into finitely many seg¬ 
ments that correspond to each ancestor’s contribution to the spine. 

The spine process at n is then defined as a sequence of measures that encodes this 
decomposition. More precisely, we start by labeling ancestors from highest to lowest. 
Then, the fcth element of the spine process (evaluated at n) is simply the measure that 
records the location of the stubs on the fcth segment - crosses on Figure[2|- and the age 
of the fcth ancestor upon giving birth to the (fc - l)st ancestor - circles on Figure[2 

2.1. Notation. Let Z denote the set of integers and N the set of non-negative integers. 
For X e IR let [x] = maxjn e Z : n < x} and x"*" = max(x, 0) be its integer and positive parts, 
respectively. If A c IR is a finite set we denote by | A| its cardinality. Throughout we adopt 
tbe convention max0 = sup0 = -oo, min0 = inf0 = -too and Uk - 0 if b < a, with 
(Wfc) any real-valued sequence. 
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Figure 2. Same construction as in FigurefT] but now with the spine 
highlighted in thick line. This allows to differentiate three kinds of 
atoms: 

Cross: represents a stub and corresponds to an atom on the spine 
whose subtree has not been explored yet; 

Circle: represents an atom on the spine whose subtree is being ex¬ 
plored; 

Square: represents an atom whose subtree has been explored and 
that is no longer on the spine. 
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2.1.1. Measures. Let .M be the set of finite point measures on (0,oo) endowed with the 
weak topology, ej^ e for x > 0 be the Dirac measure at x and z be the zero measure, 
the only measure with mass 0. For a measure v we denote its mass by | vl = v(0,oo) 
and the supremum of its support by Ji{v) = infix > 0 : :/r(x,oo) = 0} with the convention 
71 {z) - 0. For fc E N we define Yjdv) e M as the measure obtained by removing the k 
largest atoms of v, i.e., Yj;(v) -z for k > lv| and, writing v = ea{i) with 0 < a{\v\) < 

■ ■ ■ < fl(l), Yi;(v) = Z£«(/) for fc = 0,..., |v| - 1. 

2.1.2. Finite sequences of measures. We let Ji* - \ {z})” be the set of finite 

sequences of non-zero measures in M. For Y e M* we denote by Len(Y) the only 
integer n e N such that Y e \ {z})”, which we call the length of Y, and identify 
z with the only sequence of length 0. For two sequences Yi = (Yi(l),..., Fi(Hi)) and 
Y 2 - (F2(1),..., Y 2 [H 2 )) in with lengths Hi,F [2 > 1, we define [Fi, F 2 ] e .M* as their 
concatenation: 

[Fi,F2] = (Fi(1),...,Fi(Hi),F2(1),...,F2(H2)). 

Further, by convention we set [z, F] = [F,z] = F for any Y e Ji* and we then define 
inductively 

[Yi.Fw] = [[Fi,...,Fw_i],Fw], iV>2. 

Note that, with these definitions, we have Len([Fi,..., Y^]] = Len(Fi) H-i-Len(F]v) for 

any]V> 1 and Fi,..., F^ e.^*. 

Identifying a measure v e \ {z} with the sequence of length one (v) e .jF *, the above 
definitions give sense to, say, [F, v] with Y eM* and v e \ {z}. The operator n defined 
on is extended to through the relation 

Len(r) 

;r(F)= £ ;r(F(fc)), F= (F(l),...,F(Len(F)) E.^*. 
fc=i 

Recalling the convention = 0, we see that :7 t(z) = 0 and further, it follows directly 
from the above relation that JillYi,..., FjvD = 7t{Yi] h- 1 - JiiY^). 

2.1.3. Measurable space. We define L = {(i', v) e (0,oo) y. M '. v > tiiv)} and call an ele¬ 
ment s E L either a stick or a life descriptor. We work on the measurable space 

with Yl-tf- the space of doubly infinite sequences of sticks and ^ the cr-algebra gener¬ 
ated by the coordinate mappings. An elementary event w e D is written as w = (w„, n e 
Z) and Wn = {Vn,&*n)- For n e Z we consider the three operators dn,'9",'^ : D ^ Q de¬ 
fined as follows: 

• dn is the shift operator, defined by 0n(w) = [uin+ki ^ Z); 

• tl” is the dual (or time-reversal) operator, defined by = (w„_i;_i,E Z); 

• is the genealogical operator, mapping the sequence {{Vn,i^n),n e Z) to the 
sequence ((1, |i3*„|ei), n e Z). 

We say that a mapping F : O ^ X is a genealogical mapping if it is invariant by the ge¬ 
nealogical operator, i.e., ifTo^-T. The shift and dual operators are related by the 
following relations: 

(2.1) = and LI” m,nEZ, 
and for any random time F : Q ^ Z we have 

( 2 . 2 ) o {)" - ■ 

2.2. Spine, height and contour processes. We now proceed to a formal definition of 
the various processes which will be studied. 
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2.2.1. Spine process. Consider the operator <I>: y. M. ^ Jl* defined for v eM and 

7= (F(l),...,F(Len(F)) by 

f [ F, v] if V z, 

(2.3) ®(F,v) = i (F(l),...,F(Jf-l),Yi(F(/f))) ifv = z and J/> 1, 

fz else, 

where H - max{fc > 1 : |F(fc)| > 2}. Note that by definition, we have ®(F,v) e M* for 
F E and v e Jl and that further, if v z then <l>(F,v) I- z. Next, we consider the 
-valued sequence So = (Sq, n > 0) (the subscript 0 will be justified below, see 13.8H 
defined recursively by 

(2.4) S[J = z and Sj""^ = (t>(Sj,^„), n > 0. 

This dynamic is illustrated on Figure |2l As already discussed in the introduction, the 
fcth element of Sg (ordered from top to bottom) records (1) the location of the stubs 
on the fcth segment in the spine decomposition illustrated in Figure [2l and (2) the age 
of the fcth ancestor (of n) when begetting the (fc- l)st ancestor (identifying, for fc = 1, 
the individual with its 0th ancestor). In words, the recursive relation 12.41 encodes the 
fact that the birth event corresponding to the {n+ l)st individual coincides with the 
next available stub after grafting the nth stick on top of Sg . In particular, if no stub is 
available, a new spine is started from scratch (third relation). 

We note that when Sg z, any element of the sequence Sg contains at least one 
atom: the one corresponding the birth of an ancestor, which is not counted as a stub: 
In particular, the condition H = maxjfc > 1 : | F(fc)| > 2} in 12.31 reads “look for the first 
available segment with a stub”. 

Remark 2.1. The definition of the spine process is similar, but not completely analo¬ 
gous to the exploration process of Le Gall and Le Jan in [19]. Therein, the authors only 
consider the stubs attached to the spine. However, in the chronological case, not only 
do we need to keep track of the number of available stubs, but one needs to also record 
the length of the segments carrying those stubs (in the discrete case, this is always equal 
to 1). This is done by adding the additional atom corresponding to the birth of the “pre¬ 
vious” ancestor (when ancestors are labelled from top to bottom), and whose location 
coincides with the length of the corresponding segment. 

2.2.2. Chronological height and contour processes. We define the chronological height 
process IH = (IHl(n), n > 0) by the relation 

IHl(n) = 7r(Sg), n>0. 

Informally, IHl(n) is the birth time of the nth individual. We consider the associated 
chronological contour process, which is the continuous-time process C = (C(l), t > 0) 
with continuous sample paths defined inductively as follows. In the sequel, we define 

F(-l) = 0, y[n) -Vg-i - i-V„ and K„ = 2F(n- 1) - H{n), n>0. 

Note that the sequence (Kn, n > 0) is non-decreasing, and we will assume that its 
terminal value is infinite. (This assumption will hold a.s. for (sub)critical CMJ forests). 
We start the initialization by setting C(Ko] = 0. Assume that C has been built on [Q,Kn\, 
we extend the construction to [O.iGi+il in the following way: C first increases at rate -i-l 
up to HI?!) -I- and then decreases atrate-1 to IHI(n-t-l). Since IHl(n-i-l) < IHl(n)-i-V)j, thisis 
well-defined and this extends the construction up to the time JGi+2V„-i-IHI(n)-IHl(n-i-l) = 
Kn+\ as desired. 

It is not hard to prove that C is the usual contour process associated with the forest 
F°° seen as a forest of continuous trees. Indeed, our definition coincides with the usual 
definition of C(t) as the distance to the origin of a particle going up along the left side 
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of an edge and going down along the right side, see for instance Le Gall (TH) for a formal 
and general definition in the realm of real trees. 

2.2.3. Genealogical height and contour processes and exploration process. We define = 
and"^ = Co^ which we call genealogical height and contour processes, respectively, 
and pg - Sg o‘i0 the exploration process. As explained in Remark lZTl it is closely related 
to the classical exploration process introduced by Le GaU and Le Jan [19] . 

3. The spine process and the Lukasiewicz path. 

In this section, we relate the spine process to the weU-known Lukasiewicz path. More 
precisely, the spine process is expressed in terms of a random functional of the weak 
ascending ladder height process associated to the dual Lukasiewicz path. This is the 
content of Proposition [33] below. In a forthcoming section, this result will allow us to 
express the one-dimensional marginal of the spine process in terms of a bivariate re¬ 
newal process, and will be instrumental in proving our main scaling limit results for 
height and contour processes in the short edges case. 

3.1. Lukasiewicz path. We define the Lukasiewicz path S = (S(«), neZ) by S(0) = 0 and, 
for n > 1, 

n-\ -1 

S(n) = ^ (|5«fc|-l) and S(-«) = - ^ 

k=0 k=-n 

Note that if T is a random time, the dual operator acts as follows: 

(3.1) S(r)o-0” = S(n)-S(n-ro5"), neZ. 

It is well known that in the discrete case, the height process is directly related to the 
sequence of weak ascending ladder times. As we shall see, in the chronological case, 
more structure of the ladder height process is needed. In particular, the height (and 
spine) process will be expressed not only in terms of the ladder height times, but also in 
terms of the undershoot upon reaching the successive records of S (through the quan¬ 
tity ^ defined below). In order to make this more precise, we consider the following 
functionals associated to S, which will be used repeatedly in the rest of the paper: 

• the sequence of weak ascending ladder height times: 7(0) = 0 and for fc > 0, 

r(fc+ 1) = inf{^ > T{k ): S(a > Sink))} = Tmodjik) + T{ky, 

• the hitting times upward and downward: 

T/ = inf{A; > 0: S(fc) > £] and = inf{fc > 0 : S[k) - -£}, £ >0, 

so that in particular tq = T{1); 

• for 7 e M with T/< oo, 

C^ = 7-S(t/- 1) and p/= Yf^(^r^_i), 

so that C/ is the undershoot upon reaching level £; 

• and the backward maximum 

L{m)- max S{-k), m>0. 

k=0,...,m 

Note that, since S(to) > 0, fo = -S(to- 1) < S{tq) - S{tq - 1) = |^to-iI “ 1> so that po z- 
We win pay special attention to the following functionals of the ladder height process: 

• for fc > 1 with T[k) < oo, 

.S(fc) = po o0r(fc-i) and Y{k] - 7io^{k]; 

• the following two inverses associated to the sequence {T{k),k > 0): 

T~^{n) - min{fc >0:T{k)>n} and T~^{n] - max{fc >0:T{k]<n}, n>0. 
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The fact that implies that S,[k) whenever it is well-defined, a simple fact that 

will be used later on. If u is a weak ascending ladder height time, then T~^{n) = T~^ [n) 
with T{T~^{n}) - n- while if n is not a weak ascending ladder height time, 

then T~^{ri) -i-1 = T~^[ri) with T{T~^{ri)) < n< T{T~^{ri)). Define 

^{n) -{n - T{k ): k> 0}of)”, u > 0. 

It is well-known that si{n} n IR+ is the set of n’s ancestors, see for instance Duquesne 
and Le Gall |9] . This property relates the height process and the weak ascending ladder 
height times T through the following identity: 

(3.2) u>0. 

The genealogical height is also given by the length of Sq as we show now. 

Lemma 3.1. For any n>0 we haueLen[Sg) = 

Proof. As highlighted in Remark IZTl the exploration process pg = Sg slightly dif¬ 
fers from the classical definition of the exploration process in Le Gall and Le Jan [19]: 
however, this slight difference does not alter the length of the sequence, which remains 
unchanged between the two definitions. 

Since the length of the sequence in the classical exploration process coincides with 
the height process, this implies that Len(pQ) = Thus, Len(SQ) = Len(SQ) - 

Len (Sq o , which proves the desired result. □ 

Define 

mf\n-m?ix{sl{m)r\sl{n)), m,n>0. 

Then uiA neZ and m and n have an ancestor in common (i.e., belong to the same tree) 
if and only if mA u > 0 in which case mA n is the lexicographic index of their most recent 
common ancestor - see for instance (9] . We end this section by listing the following 
identities, which are proved in the Appendix]^ The second identity involves the condi¬ 
tion L{n - m)o f)"* > 0: it is readily checked that 

(3.3) L{n - m) o - S{m) - min S,0<m<n, 

Lemma 3.2. For any 0 < m < n, m is an ancestor ofn, i.e., mAn - m, if and only if 
L[n - m)od"‘ - 0. 

Lemma 3.3. For any n> m>0 with L{n- ni)od"‘ >0, we have 

(3.4) mAn - n- T{T~^[n- m)) of)” - m- TL{n-m] 
and 

(3.5) 2(T~^{n-m))od’^ ^ pL{n-m)°Q"'- 

3.2. Fundamental formula for H{n]. As mentioned earlier, si(n] n IR+ is the set of an¬ 
cestors of n. More precisely, u - r(fc) o f)” is the index of the fcth ancestor of n, assuming 
that ancestors are ordered from highest to lowest date of birth (or height). Further, inter¬ 
preting Y(A:)o as the age of the fcth ancestor when giving birth to the (fc-l)st ancestor 
motivates the following result. 


Proposition 3.4. For every n>0, we have 


(3.6) 


[J£‘[n), IHl(u)) = 


T -\ n ), ^ Y(fc)|o£)” 

^ k=l 


LenfS”! 

Since ll-ll(u) = 7t[Sg) - tt[Sg(k)), ProDosition l3.4l is an immediate corollary of 

the following result which proves a more general relation between the spine process and 
the Lukasiewicz path. 
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Proposition 3.5. We have 

(3.7) = .S(l))0-0”, «>0. 

The rest of this section is devoted to proving Proposition [331 We prove it through 
several lemmas, several of which will be used in the sequel. To prove these results, for 
m > 0 and A; e {0,..., we introduce 

Xirn, k) = T^°dm+\ + m+l = inf{n > m+l: S{n) = S{m + 1) - fc} 

and define x(m) = x(m, |£5*ml) so that 

Xim] - infjn > m + 1: S{n] - S[m + 1) - \&^m\] - infjn > m + 1: S[n] - S[m] - 1} 

which is also equal to T~[od^ + m. Intuitively, for fc e {0, - ■■, k) corresponds 

to the index of (fc+ l)st child of the mth individual (with the convention that children 
are ranked from youngest to oldest); whereas x(m) is the index of the highest stub on 
(i.e., right before attaching the mth individual). In particular, any individual n e 
{m+l,... ,x[rn) - 1} belongs to a subtree attached to m. In view of this interpretation, 
the two following lemmas seem quite natural. (On Figurej^ and j(l) = 4). For the proof 
of Lemma [33] we will need the following identity, whose proof is defered to AppendrxjB] 

Lemma 3.6. Let « > 0, m = n - tq o 0” and i = (qo 0”. If m > 0, then it holds that 
i E {0,...,|i^ml“ 1} andxirnj) = n. 

Lemma 3.7. For any m> 0 such that\&*rn \ >0,ne {m+l,.. .,x(m)-l} and£ e {1, 
we have 

^{n) > ^{m] and Sq(£] = S™(/). 

Proof. Let £, m and n be as in the statement: we first prove that J6’{n) > Since S 

only makes negative jumps of size -1, we have by definition of x(m) 

min S>S(m). 

This inequality implies that, since ne {m + l,...,x{m) - 1], there is at least one more 
ladder height time for the dual Lukasiewicz process seen from n as compared to the 
dual Lukasiewicz process seen from m. In view of the relation 13.21 which expresses 
J£’{n) - T~^{n) o0” as the number of weak ascending ladder height times of the dual 
Lukasiewicz process, this means precisely that JFln) > 

We now prove that Sq{£] - S^(£]. Since n e {m+ 1,..., j(m) - 1}, in order to prove 
this it is enough to prove that x' - X^tn) where we define 

X’ = infjfc > m + 1: sl{£] f . 

In view of the definition 12.31 of $ and the dynamic 12.41 . we see that the £ih element 
of the spine between m and n is modified only if the length of the spine goes below £ 
between m and n. Since the length of the spine coincides with JF, this implies J6’{x') - 
£ < Finally, since this implies that x' S x(m) and 

concludes the proof. □ 

Lemma 3.8. For m > 0 such that \&*m \ > 0 and fc e {0,..., \£^m \ - 1} we have 

.^{X[m,k])-J6‘[m) + \ and + \) = Y 

Proof. By definition ofxim, fc) and the fact that S only makes jumps of negative size -1, 
we have 

S{x{rn,k]]- min S>S(m). 

A similar argument as in the proof of the previous lemma then leads to the conclusion 
.^{X{m, fc)) = jaim) + 1 (i.e., by showing that there is exactly one extra ladder height 
time for the dual walk seen from x(m, fc)). 
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We now prove that + 1) = YFor fc = 0 this is seen to he true hy 

looking at the dynamic 12.41 . We now prove that this is true hy induction: so assume 

this is true for fc e {0,..., \d^m \ - 2} and let us prove that this continues to hold for fc + 1. 
In order to do so, it is sufficient to combine the induction hypothesis with the following 
claim: 

g^(m,fc+i) + 1) = Yi {^[m) + 1)]. 

In order to prove this identity, we first note that (again, this is seen hy comparing the 
number of ladder height times of the dual processes seen from the two times) 

^[n) > fc)) = + 1 for n - x(^, fc) + fc+ 1) - 1- 

Finally, we already know that J6’{x{m,k+ 1)) = ^{m) + 1. From the dynamic 12.41 . 
this implies that the + l)st element of Sg remains unchanged for n - xifn, fc) + 

1 ,... ,X(m, fc+ 1) - 1, but that one stub is removed at time x(m,k+ 1), i.e., 

gj(m,fc+i) + 1) = Yi [sf i^lm] + 1)]. 

This proves the claim made earlier and ends the proof of Lemma l3^ □ 

Lemma 3.9. For any n,k>0 with T(,k)od" < n we have 

[Sg"^®°^",.S(fc)o£)”,...,.S(l)o£)”] . 

Recall the convention [z, Y] = Y for any Y e in particular, 

[Sg"^®°^",.S(fc)o5”,...,.S(l)o5”] = [.S(fc)o£)”,...,.S(l)o5"] 

when Sg -z. 

Proof of Lemm dS^ Let us first prove the result for fc = 1, so we consider n > 0 with 
Tood"< rz and we prove that Sg = [Sg“^^^^°^",.S(l) o f)”]. Combining the two previous 
lemmas, we see that 

gr(m,0 ^ 

for any m > 0 and any i e {0,..., - !}• In particular. Lemma |3T6] shows that we can 

apply this to m = n - tq o and z = Co ° which gives 

S)g - [s>g .ifoofln(£^n-roof)«IJ- 

On the one hand, we have x(m,z) = n (again by Lemma|3j6) and so in particular Sg = 

Sg, while on the other hand, we have 

Yfootl" i^n-rood") - Yfo(^ to-i)°5” = £2[l]o{)". 

Combining the above arguments concludes the proof for fc = 1. The general case follows 
by induction left to the reader. □ 

We can now prove Prooosition l3.5l 

Proof of Provosition \3.5\ By definition, T[T~^[n)) < zz and so Lemma|3j9]with fc = T~^[n) 
yields 

Sg = [So"^'^^''"”°'®",.S(f"^(zz))o5",... ,.S(l)o£)"]. 

Since ^(k)^z whenever it is well-defined, in particular for fc e {1,..., T~^{n)}, it follows 
that 

Len(S^) = f"H«)o5" + Len[Sg"^'^^'‘””°^"]. 

However, Len (Sg) = T~^{n]od" by 13.2) . and thus Len j = 0 which means 

gn-r(f hn))ofl" _ 2 jhis achieves the proof of Prooosition l3.5l □ 
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3.3. Right decomposition of the spine. In the case of i.i.d. life descriptors, the spine 
process is easily seen to be a Markov process. In the forthcoming Section l374l Proposi- 
tion l3.5l will allow us to express the one-dimensional marginal of this process in terms 
of a bivariate renewal process. 

The present section can be seen as a description of the transition probabilities of the 
spine process: we show that for m< n, the spine at n is deduced from the spine at m by 
truncating and then by concatenating a spine that is independent of the past up to 
m, a construction reminiscent of the snake property - see Duquesne and Le Gall [9]. As 
we shall now see, the independent “increment” will be given by 

(3.8) 0< m< «, 


which, when life descriptors are i.i.d., is distributed as the original spine at time n- m. 
In particular, since oOm) = 7r(Sg“'”) o0m = M{n- m)odm, we note that 

an immediate consequence of 12.11 and 13.61 is that 


(3.9) 


^(§m) 


'T ^{n-m) \ 

^ Y(fc) 0-0“, 0 < m < n. 
fc=i / 


Proposition 3.10. Letn> m>0. lfmf\n> 0, then Sg = and 


|S” else. 

In order to prove ProDosition l3.10l we will need the following lemma. 


Lerruna 3.11. For any n>m>0 we have 

(3.11) = 

If in addition m/\n>0, then 

(3.12) = (.Sor-i(«-m),...,.S(l))o0”. 

Proof. By definition we have SJJ, = Sg o 9m and so Proposition l3.5l imDlies that 

(3.13) Sm = {^{f~\n-m)],...,B{l))oP’'-"‘oem- 

The first relation <3. Hi thus follows from the identity o 0^ = 0” of 12.11 . To prove 
the other relation 13.121 . we use 13.111 with m random, which in this case reads as fol¬ 
lows: for any random time T, the relation 

(3.14) 

holds in the event 0 < ro0” < n (see remark below). Apply now this relation to T = 
n - T{T~^{n - m)), so that mAn = T o 0“ by 13.41 . Then we always have T < « and so 
under the assumption mA n > 0, we obtain 

with r' = T~^{n- m). Since T~^{T[ic)) - k for any fc > 0, we obtain the result. □ 


Remark 3.12. Let us comment on 13.141 as similar identities will be used in the sequel. 
To see how it follows from 13.131 . write 13.131 in the form Sjjj = ([/o0")(m) for some 
mapping U with domain Cl and values in the space of -valued sequence, so that 
((/o0”)(m) is the mth element of the dual sequence. With this notation, we can directly 
plug in a random time, i.e., if m = T is random then we have S” = (t/o 0”)(r) and in 
particular, = (t7o0«)(ro0«) = t/(r)o0«. 
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Proof of Provosition \3.1 01 By 13.41 . mAn > 0 implies that T(T m)]od" < n andso 
Lemma l3T9] with k = T~^ (n - m) gives 

So = (n- m)) o,^(1) of/”]. 

Combining 13.41 . which shows that (n-m))ofl _ ^mAn^ expression for 

SmAH given in 13.121 under the assumption mAn > 0 gives the first part of the result, 
namely that Sg = SmAn]- in order to show I3.10> and thus complete the proof, 

we distinguish between the two cases L(n - m)o f)"* = 0 and L(n - m)o > 0. 

If L{n - m) o = 0, then mAn - m according to Lemma[3j2]which proves <3.101 . 
Assume now that L{n - m) o P" > 0: in view of 13.31 . this means that n - m is not a 
weak ascending ladder height time ofSofi" and so T~^{n- m]od" = T~^{n-m)od" + l. 
We then obtain bvLemma l3.11l the relation = [^{T~^{n- m])od",S'^] and since 
S.[T~^{n- my)od" - Hnn-m) in this case by 13.51 . we obtain the result. □ 

3.4. ProbabUistic description of tbe spine. In this paper we are interested in the chrono¬ 
logical height and contour processes associated to CMJ forests, which corresponds to 
the case where the planar forest is constructed from an i.i.d. sequence of sticks. For¬ 
mally, let he a random variable with values in L, and let P be the probability 

distribution on Q such that o) under P is i.i.d. with common distribution In 

this paper we consider the subcritical and critical cases, i.e., we assume that 

E(|^*|)<1. 

Under this (sub) critical assumption, S under P is a random walk with step distribu¬ 
tion 1^5®* I -1, which therefore does not drift to -i-oo. In particular, all the trees considered 
in the informal sequential construction of the Introduction are finite and the sequence 
Kn almost surely grows to oo. 

In this case, for any n e Z the dual operator leaves P invariant, i.e., P = Po(i)”)“'^. In 
the rest of the paper, this property will be called duality, it implies for instance that S and 
Sounder P are equal in distribution, and the same goes with ,^{m) and T~^{m) o 
for any m,n>Q. 

The fundamental result which makes it possible to study the asymptotic behavior of 
the height process is the following lemma. It entails in particular that 

k 

(r(A;),^Y(i)),fc>l 
, ! = 0 , 

under P is a bivariate renewal process stopped at some independent geometric random 
variable, which thus describes the law of {,^{n),Hin)) in view of 13.61 . Recall that = 
inflfc > 0: S[k) = -f] for / > 0. 

Lemma 3.13. LetG- inf{A; > 0: T{k) - oo}. Then underP, the sequence 
[{nk)-T(.k-l],^{k)),k=l,...,G-l] 

is equal in distribution to {{T* [k],^* [k]), k- 1,..., G* - 1), where the random variables 
{{T*{k),^*{k)),k> 1) arei.i.d. withcommon distribution {T * ,S.*) satisfying 

(3.15) E[m*)g{T*)] = ^ ^ E[/oYU^^*):I^ 3^*I > x+ l] g(r) P(t- = t- l) 

for every bounded and measurable functions f: ^ ^ and g: Z+ ^ P+, and G* is an 

independent geometric random variable with parameter! - E(|i5** |). 

By duality, this result describes the law of [{T[k) - T(k-l],T2{k)],k< G]od" under P 
and justifies the claim made before the statement of the lemma. By combining this re¬ 
sult with the spine decomposition of Prooosition l3.4l we thus get that the genealogical 
height process at a fixed time can be expressed as a functional of an explicit bivariate 















16 


EMMANUEL SCHERTZER AND FLO RIAN SIMATOS 


renewal process. 


Moreover, we note that the random variable Y* admits a natural interpreta¬ 

tion. Indeed, the previous result implies that 

(3.16) E[/(Y*)] = £ E ^E[/o;roY,(i9>*) | = k] x 

Identifying (fcP(|^3**| = fc)/E(|^3**|),fc > 0) as the size-hiased distribution of \&‘*\, we 
see that if we bias the life descriptor by its number of children, then Y* is the age 
of the individual when its begets a randomly chosen child. As mentioned in the in¬ 
troduction, in the critical case E(Y*) = 1, the random variable Y* and its genealogical 
interpretation can already be found in Nerman fTH . 

Proof of Lemm d3A3[ The strong Markov property implies that G is a geometric ran¬ 
dom variable with parameter P(to = r(l) = oo) and that conditionally on G, the random 
variables {{T{k) - T{k- l),^{k)),k = 1,...,G- 1) are i.i.d. with common distribution 
(to,.S(1)) conditioned on {tq < oo}. Thus in order to prove Lemma 15.131 we only have 
to show that (to,.S(1)) under P(-1 tq < oo) is equal in distribution to {T* Recalling 
that .S(l) = we will actually show a more complete result and characterize 

the joint distribution of under P(-1 tq < oo). 

Fix in the rest of the proof x, t e N with f > 1 and h : ^ [0, oo) measurable: we will 

prove that 

(3.17) E[h{<^ro-i) l{fo=4 l{ro=«] = \&>* \ > X + l]P [j-^ t - l) . 

By standard arguments, this characterizes the law of (^3*To-i.To,fo) and implies for in¬ 
stance that for any bounded measurable function F: x N x N ^ [0,oo), we have 


E[F(^ro-l.<'o, To) I To <Oo] 


1 

P(to < oo) 


E EE[^'(^*.^.i):l^*l^^+l]F’(T; = t-1). 

f>lx>0 


Since t“ is P-almost surely finite, the above relation for P{v,x, f) = 1 entails the rela¬ 
tion P(to < oo) = E(|^3** I) which implies in turn the desired result by taking F(v, x, f) - 
f Cf xiv)) g{t). Thus we only have to prove 13.171 . which we do now. First of all, note that 
if 


B - {S(t- 1) = -X and S[k) < 0 for k- 1,..., t- l}. 


then the two events {<(o - x,to- t] and Bn {|i3*(_i| > x-i-1} are equal. It follows from this 
observation that 


E[B(^Tg_l)ljf(,=4l{To = f)] = E[h(^f_i)lj|ga,_j|>;c+1):B] 

and since and the indicator function of the event B are independent and 
under P is equal in distribution to , we obtain 

E[h[&>ro-in[i:o=x}hro=t]] = \^*\>X + 1] P(B). 

Since P(B) = P(t“ = t - 1) by duality, this proves Lemma l3.13l □ 


4. Convergence oe the height process 

4.1. ProbabUistic set-up. For each p > 1, let be an L-valued random variable 

corresponding to a (sub)critical CMJ branching process, i.e., which satisfies 

(4.1) 0<E(|^?>;|)<1. 

We further assume that the sequence is near-critical in the sense that 

(4.2) lim Ed'J^rD^l. 

p—oo ^ 
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Let Y* be the random variable with distribution prescribed by 13.161 with &>* - 
and Pp be the probability distribution on Q under which cj is an i.i.d. sequence with 

common distribution {¥*,&**]. We let => denote weak convergence under Pp and => 
denote convergence in the sense of finite-dimensional distributions under Pp. For in- 
fdd 

stance, Bp ^ B^a if and only if {Bp{t), tel) under Pp converges weakly to (floo(l). tel) 
for any finite set I c [0,oo). 


4.2. Convergence of the height process. We now state our main results concerning the 
convergence of the chronological height process: we fix a sequence Cp —► 0 and consider 
the rescaled processes 

(4.3) ^p{t)-Ep^{[pt]),Hp{t)-EpH([pt]) and Sp(t) = S([pf]), f>0. 

p£p 

Our results will involve the following condition. Except for the first integrability con¬ 
dition, it is automatically satisfied in the non-triangular case where the law of Y* does 
not depend on p. 


Condition T-H. For every p > 1, E(Yp < oo. Moreover, there exists an integrahle random 
variable Y with EY = 0 such thatY*p - E(Yp ^ Y andE[(Y* - E(Yp)+] - E(Y+). 

Theorem 4.1. Fix some t > 0. If Condition [I-H\ holds and the sequence (J^p(t). v > 1) is 
tight, then Hp(t) - E(Yp.yifp(t) => 0. 


Proof. First of all, note that ,^{[pt]) => oo since M'ln) and T ^{n) are equal in distribu¬ 
tion hy duality. Further, the fundamental formula 13.61 gives 


llp(t)-E(Yp.yifp(f) = .yifp(r)x 


T-H[pt]) 


T-\iptn 

X (Y(fc)-E(Yp) 
fc=l , 




Let in the sequel Wp[n) = Yp(l) H- 1 Yp[n) and W(u) = Y(l) H-(- Y(u), where the two 

sequences fYp{k), A: > 1) and (Y(A:), A: > 1) are i.i.d. with common distribution Yp-E(Yp 
and Y introduced in Condition IT-HI respectively. Fix 77 > 0 and M, AT > 1: by duality, it 
follows from Lemma l3.13l and standard manipulations that 


Pp (|Hp(t) - E(Yp,^p(r)| > 77 ) < Pp [,^p{t) > M) + Pp [J^{[pt]) < N] 

+ P [sup — I Wp( 77 )| > 77 /Ml . 
\n>N 77 ' ' I 

Letting first p ^ 00 , then N —^00 and finally M 00 makes the two first terms of the 
above upper bound vanish: the first one because the sequence {JFp{f), 77 > 1) is tight 
and the second one because J^[[pt]) => 00 , and so we end up with 

(4.4) limsupPp [|Ellp(f) - E(Yp.^p(f)| > 77 I < limsuplimsupP [sup — |Wp( 77 )| > 277 '] 
P -00 P I / p_oo l„>iv 77 ' ' j 

with 77 ' = t}1{2M). We omit the limsup^y^^^^ because, as we now show, the previous limit 
is equal to 0 for each fixed M > 0. In the non-triangular case where the law of Y* (and 
thus Wp) does not depend on p, this follows from the strong law of large numbers, and 
we now extend this to the triangular setting under Condition IT-HI Writing 

sup - I Wp(77)I < ^ I WpOV)I + sup - I Wp(77) -Wp{N)\ 
n>N ^ ^ n>N ^ 

and using that [Wp [n) - Wp (AO, n > AO is equal in distribution to Wp, we get 
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By the Portmanteau Theorem, we have 

limsup P [ —I Wp(AOI > 7 ?'1 < PI — I W(AnI > 7 ?' 

p—oo \N I \N 

which entails 

limsuppf — |MAi(A/')| > 77 '1 —► 0. 

p—00 \N j TV—00 

As for the second term, if we define W^in) = Wp{n) +T}'n and W-{ri) - W{n}± rj'n, 
then simple manipulations lead to 

PI sup-I Wr,{n) I > 77 '1 < PI sup W~ > 77 'A/^ 1 + PI inf < -tjN 

(n^on+N' P I 'j P j ^„>o P 

Under Condition [UH] we have sup 1V“ => sup 'W~ and inf Wp => inf W*', see for in¬ 
stance Theorem 22 in Borovkov (7] . The result thus follows from the fact that, since W"'' 
(resp. W~) is a random walk drifting to -too (resp. - 00 ), its infimum (resp. supremum) is 
finite. □ 

Remark A.2. By the exact same argument, we leave the reader convince herself that if tp 
is a deterministic sequence such that tp/p ^ 0, then £pH{tp) => 0. This fact will be used 
later in proving the convergence of the contour process. 

We now state one immediate corollary of this result, which states that under mild 
conditions on the Yp’s, the paths J6’p and Hp converge jointly in the sense of finite¬ 
dimensional distributions. 

Corollary 4.3. Assume that Condition ^I-W holds and that: 

(HI) pep—^ 00 ; 

(H2) E(Yp ^ a* forsomea* e (0,oo); 

(H3) .zSfp ^ ^00 for some ^00 satisfyingPi^ooit] > 0) = 1 for every t>0. 

Then 

(4.5) [J^p, Hp) “ [^ 00 , a*^ 00 ). 

Condition |(Hl)| is essentially a non-degeneracy condition: when |t 5®| = 1 a.s. it is not 
satisfied. Theorem 2.3.1 in Duquesne and Le GaU (9] provides explicit conditions for 
Condition I (H3) | to hold. Namely, the following three conditions together imply [(H3)l 
(H3a) Sp => Soo for some Levy process Soo with infinite variation; 

(H3b) the Laplace exponent if/ of Soo satisfies /“u/i/ 7 (w) < 00 ; 

(H3c) if {Z^,k > 0) is a Galton-Watson process with offspring distribution \SAp \ and 
started with [p£p] individuals, then for every d > 0 , 

liminf P , = o] > 0. 

p-00 I t 

5. Convergence oe the contour process 

5.1. Main results. The probabilistic set-up is the same as in Section fOl in particu¬ 
lar relations 14.1) and 14.2) hold, and we now turn to the asymptotic behavior of the 
chronological contour process C. Under the assumption E(Yp —► a* < 00 and other 
mild conditions, we showed in GoroUarv 14.31 that the genealogical and chronological 
height processes are essentially proportional to one another. 

In this section, we study the contour process when this assumption is not enforced, 
which allows the chronological and genealogical processes to scale in different ways. We 
thus consider two sequences Ep and Ep, both converging to 0 , rescale the genealogical 
processes using Ep as 

Z^'pit) = Epje{[pt\], ^p{t) = Ep^ipt) and Spit) = ^^S([pf]), 

p£p 
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and the chronological processes using Ep as 

Up{t) = epH{[pt]] and Cp(f) = epC(pf). 

Remark 5.1. When E(y*) < oo, Theorem 14.11 ensures that the difference of scaling be¬ 
tween the genealogical and the chronological height processes can only occur when 
E(Y*) = -too. For instance, this will occur in the (non-triangular) case of Poissonian 
hirth events along the edges (as in [14]) and when E((y*)^) = oo. 

In the Galton-Watson case, it is well-known that S^p is essentially obtained from 
^p by a deterministic time-change under rather mild assumptions (essentially condi- 
tions l (C2}|t(C3) | below) . We now show that a similar statement holds at the chronological 
level. 

Condition T-Cl. We have => (Kio’^txj) some h-valued random variable 

withEiV^) < oo andE[\&>^\) = 1. 

Let > 0 be some random variable and G be the additive subgroup generated by the 
support of its distribution. In the sequel we say that V is non-arithmetic if G is dense 
in K; otherwise, we say that V is arithmetic and in this case, there exists a unique h>0, 
called the span of V, such that G = hZ. For a random variable V > 0 with finite mean, 
we define V as follows: 

• if 1/ is non-arithmetic, we define 

P(l/>x) =- I P(y>y)y, x>0; 

ElV)Jx 

• if is arithmetic and h is its span, we define 

P(y = kh) = P(V> kh), keN. 

E(y) 

Condition T-C2. We have Vp => with as in Condition [I-Cl\ and moreover: 

• ifV^ is non-arithmetic, then V* for each p is non-arithmetic; 

• ifVf^ is arithmetic, then V* for each p is arithmetic. 

In the sequel, we will refer to the first case as the non-arithmetic case and to the 
second case as the arithmetic case. Note that, except for the integrability condition 
E(V^) < oo, Conditions lT-Cll and lT-C2l as well as condition i (C1) [ below are automatically 
satisfied in the non-triangular case where the law of (,&**) does not depend on p. 

Theorem 5.2. Assume that Conditions \T- C1 1 and \T-C2\ hold and that: 

(Cl) E(Vp*) ^ p* with p* = E(V^) < oo; 

(C2) limp^oo pcp = limp-oo P£p = oo; 

(C3) Sp => Soo for some Levy process Soo with infinite variation; 

(C4) {J£'p,'^p) => {^oo,^oo) for some (almost surely) continuous processes JCoo^'^oo 
satisfying the condition P(.^5foo(t),'^^oo(G > 0) = I for every t > 0; 

(C5) Hp Hoo for some process Hoo which is (almost surely) continuous at 0 and 
satisfies the condition P(IHloo(t) > 0) = 1 for every t > 0; 

and let(poolt) = t({2p*). Then 

(5.1) (Hp.Cp) ™ (Elloo,HooO(Poo)- 

Note that the three assumptions (H3a)-(H3c) stated after Corollary |4j3] actually im- 
plv l(C4)| with S^oo(I) = J£’oo{tl2). Moreover, instead of assuming | (C3) hf(C4)l we could 
merely assume [(C3) l and that J£'p ^ J6'oo with continuous and with P(J^ca (G > 0) = 

1: indeed, results in (9] show that this implies [(C4) [ with S^oo as above. 

Combining Theorems l4.1l and l5.2l we obtain the following joint convergence. 
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Corollary 5.3. Assume that except for \{C5)\ the conditions of Theorems \ 4.1 1 and \ 5.21 hold 
with £p - £p: then 

{^p,^p,Hp,Cp) ^ {J^oo,-^ooi-/2),a*^oo,a*^oo°(Poo)- 

We finally complement these results by showing that the trees themselves converge 
in the sense of finite-dimensional distributions. To do so, we only need considering the 
minimum of the contour process, see for instance Le Gall [18] for more details. 

Theorem 5.4. Assume that except for |(C5]| the conditions of Theorems \ 4.1 1 and \5.2\ hold 
with Cp-Ep. Assume moreover that the sequence of random variables (Yp is uniformly 
integrable: then for every 0 < u< v we have 

inf inf ^p{2(poo(.t)) ^ 0. 

u<t<v u<t^v ^ 

Remark f).5. In |30] , Sagitov investigated (in the non-triangular setting) the size of a CMJ 
process conditioned to survive at large time under the short edge assumption, i.e., when 
E(V]*) < oo and ECYp < oo (see also SectionjSjand Green [12]). The population size is de¬ 
scribed in the limit in terms of a continuous state branching process where space and 
time are scaled analogously as in CoroUarv l5.3l As a consequence, the previous corollary 
can be seen as a genealogical version of [30] . We also note that in [30] , the results are ob¬ 
tained through an entirely different approach, namely analytic computations involving 
some non-trivial extension of the renewal theorem. 

In the rest of this section we discuss the proof of Theorem 15.21 the proof of Theo- 
rem l5.4l provided in Section [Z4l uses essentially the same arguments, together with the 
additional result of Gorollarv 16.41 In order to prove 15.11 and in view of the assump- 
tion |(C5)l we only need to prove that 

(5.2) \Jt>b,£p[t)-npO(p^[t)^b. 

To show this result, it is tempting to draw inspiration from the proof of Theorem 2.4.1 
in Duquesne and Le Gall [^, where it is proved that supo<j<f|S^p(s) - J£'p[sl2)\ ^ 0 for 
each fixed t > 0. The proof of this result relies heavily on the assumption that the dis¬ 
crete height process converges weakly (i.e., in a functional sense) to its continuum coun¬ 
terpart. At the genealogical level, assuming weak convergence is not much stronger 
than assuming convergence of the finite-dimensional distributions, see [9] Theorem 
2.3.1]. At the chronological level however, the simple example presented in the Section[ 8 ] 
illustrates that the gap between these two modes of convergence is more significant. In 
Section lS^ we give an overview of the main steps for proving 15.21 , thereby highlighting 
key differences with the Galton-Watson case. 

5.2. Overview of the proof of Theorem l5.21 Except in Section[ 8 ] we assume in the rest 
of the paper that Gonditions IT-C 1 1 and IT-C2I and Gonditions |(Cl)fr(C5)| of Theorem lS^ 
hold. The two conditions V* => with integrable and EfVp — Efl/^^) imply that 
the sequence {V*) is uniformly integrable (see for instance [ 6 ] Theorem 3.6]), which 
implies the following triangular weak law of large numbers. It can be directly checked 
by computing Laplace transforms or by invoking §22 in Gnedenko and Kolmogorov [11] . 

Lemma5.6. For any sequence Up —^oo, we haveT {[Up]) I Up ^ f*. In particular, for any 
s>0 we haveT Up s]) Ip ^ f* s. 

In view of the construction of the chronological contour process C in Section l2.2.2l 
we have 

(5.3) sup |C(t) -IHI(«)| < |EI](n-i-1)-IHI(«)|-I-V„. 

^^[^nTn+l] 

Let q) be the left-continuous inverse of (iL[t|, f > 0), defined by 
(fit )min {7 > 0 : Kj > t}, t> 0. 


(5.4) 
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Then defining 

1 

(5.5) (pp{t) := -(p{pt), 

P 

the inequality <5.3> translates after scaling to 

|Cp(f) — ^p{cpp{t)) I < Cp + ^^p[(pp{t) + 1/p) — Mp{(pp[t))^, t>0, 
and SO going back to 15.21 . we obtain for any t > 0 


(5.6) |Cp(t) - IHlp((/)oo(t))| ^ £pV,p{pt) + |Hp(^p(t) + 1/p) - IHIp((poo(t))| 

+ 2|lHlp(^p(f)) — IHlp((poo(^)) I. 


The proofs of Hp{(pp{t) + 1/p) - IHlp((poo(f)) => 0 and of Hp[(pp[t)) - IHlp((poo(f)) 0 
proceed along similar lines, and so in the sequel we only focus on the latter convergence. 
The above relation shows that, asymptotically, the correct time-change should be the 
limit of qjp, and we now explain why this is indeed qjoo- Plugging in the definition Kn = 
2y (n - 1) - IHl(n) into the definition of q), we obtain 


(Pp{t) = 


1 

— in 
P 


f{7>0:2'F(7-l)-H{7)>pt}. 


For large p, the triangular law of large numbers of Lemma [5j6] suggests the approxi¬ 
mation y (p) P* P', while under assumptions | (C2) | and | (C5)1 , Hfp) for large p is of the 
order of l/Cp « p. These two observations thus give a rationale for the following result. 


Lemma 5.7. For every t > 0 we have (pp[t) ^ (p^o ( t) . 

Proof. Consider any t' < (poolt): using the definition of (pp, the fact that H{j) > 0 and 
that y is increasing, one obtains that 

Pp {(Ppit) < f') < Pp (27(np') < np]. 

Since y {ps)/p => /3*s for any s > 0 by Lemma [5)6l we obtain Pp {q)p{t] < t') ^ 0 for 
t' < (foo ( t] ■ Let now t' > ipoo ( f). and write 

Pp{<Pp{t) > t') < Pp(2F(pt')-H{pf') < nt). 

Since the sequence (£plHl([pf']), p > 1) is tight and pep —► oo, we obtain IHI(pt')/p 0 
and so {2y {pt') - IHl(pf'))/p => 2/1* t' by Lemma [5?6l Consequently, we obtain the con¬ 
vergence Pp [zy {pt') - IHI(pf') < pt) ^0 which concludes the proof □ 


In view of this result, a natural idea to prove HpCippCt)) - Hpfipooll)) => 0 is to use a 
uniform control of the kind 

|lHlp((pp(f))-IHIp((poo(I))| ^sup{|lHlp(s)-IHIp((poo(I))|: \s-ipoo{t)\<T]p} 

for some pp 0 such that Pp(|<Pp(t) - (Poo(I)l ^ Vp) 1- However, the example con¬ 
sidered in Section [8] strongly suggests that even for pp precisely of the order of \q)p{t) - 
(Poo(I)li the supremum of the previous upper bound may blow up. Such a control is 
therefore too rough and more care is needed. 

One of the main obstacle for a finer control is the convoluted relation between Hp 
and ipp{t), whereby Hp appears in the definition of ipp (f); this is also the reason why it is 
not straightforward to prove the apparently innocuous convergence £p H^cpt) => 0 which 
is required in order to deal with the first term in the upper bound of 15.6L 


In order to circumvent this difficulty, we introduce a random time <pp{t) close to 
q)p{t) and which will be easier to control. More precisely, we consider 


1 
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the first passage time of the renewal process IT above level t. Note that, since Vn and 
IHl(n) are non-negative, we have (p{t) < <p{t) for every t > 0. 

For fixed p, the renewal theorem provides an asymptotic description as f ^ oo of the 
process IT shifted at time (p{t). In Section [6^ we will prove a triangular version of this 
result, and Condition lT-C2l is here to ensure that this extension of the renewal theorem 
to a triangular setting holds. We will for instance prove the following result. 

Lemma 5.8. For any t>Q, wehaveEpV(p[pt) => 0. 

Proof. See forthcoming Corollarv l6.7l □ 

This result illustrates the fact that <pp{t) is more convenient to work with compared 
to q)p{t). Besides, (pp{t) and (pp{t) are close: the triangular law of large numbers of 
Lemma lS^ implies similarly as in the proof of Lemma l5.7l that (pp{t)^ <Pooit) and, to be 
more precise, the next result implies that their difference is at most of the order of f/Cp. 
This result is a consequence of ProDosition l7.1l which will be proved in Section[7j2 

Lemma5.9. For any t>Q, the sequence of random variables [ep[q)p[t)-q)p[t)),p> 1) is 
tight. 

Proof. See forthcoming Proposition l7.1l □ 

Lemmas 1 5.8 1 and [5^ allow to get rid of the first term in the upper bound 15.61 as we 
show now. 

Corollary 5.10. For any t>0, we have EpV^p^pt) ^ 0. 

Proof. Since tpipt) < q){pt), for any M,q > Owe have 

IPp(ep >q)<P’p{(p{pt]-(p{pt]>MlEp) 

+ Pp{Epmax{Vk:k=(p{pt),...,(p{pt) + [M/Ep]}>q) 

which gives 

p — IP’p {^pi^pit] ~ ^pi.^)] ^ + [Pp {^^p^(p{pt) — 

-t Pp (cp max{^^(po+fc : fc = 1,..., [M/Cp]} > q]. 

Lemmas IS. Bl and ish imply that the two first terms vanish, while for the third term, we 
write 

M ( "I M { 77 

Pp{Epmax{V^^pt^^k-k^l,...,lM/Ep]}>q) < —P epV* >7? < —E > -L 

Ep '• ' q \ Ep 

where the first inequality follows from the fact that the (V',p(pf)+fc, fc > 1) under Pp are 
i.i.d. with common distribution V*. Since the (V^) are uniformly integrable, this last 
bound vanishes as p —► oo, which completes the proof. □ 

In order to show that Hplcppit]) - Hp{(poolt]) ^ 0, we introduce Hp{(pp{t)] and write 

(5.7) \Hpi(pp{t]) -Hp{(poo{t)] \ < \Upi(pp{t)]-Hp{(pooit)]\ + \Hp{q)pit)]-Hp{(ppit)]\. 

We will then study each term of this upper bound. We will control the first term 
Hp(^p(t))-Hp((poo(^)) by showing that the spine originated from the random time (p(pt) 
asymptotically looks like the spine originated from a deterministic time. To do so we 
prove an extension of the renewal theorem to a triangular setting and a macroscopic 
horizon in Section [6?2l thereby extending results of MiUer . 

To control the second term Mpiippit)) - Hpiqjpit)), we introduce the shifted process 
H' = (Hiipipt) + k) - Hi(p{pt)),k > 0) and write Hp{q)p{t)) - Hpitppit)) = CpHl'CA) with 
A = q)(.pt) - (p{pt). The key idea is that H' turns out to be close in distribution to H, 
and so elaborating on Lemma [5^ which states that A is small macroscopically (since 
p » 1/Cp by condition |(C2)( will give the desired result. 
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5.3. Organization of the rest of the paper. The rest of the paper is organized as follows. 
In Section [6] we prove some preliminary results, namely some formulas on the height 
process which extend the right decomposition of the spine introduced in Section lT3l as 
well as some renewal type results: in particular, these results make it possible to prove 
Lemma [5?8l Section [7] contains the remaining proofs, namely the proof of Lemma l5.9l 
the proof that each term in the upper hound of 15.71 vanishes and finally the proof of 
Theorem l5.4l 


6. Preliminary RESULTS 


6.1. Right decomposition of the spine continued. 

Lemma 6.1. For any n> m>0 with 0 < mA n< m, we have 

o (TL(n-m)) od"*,... ,.S(1) o . 

Proof. By Lemma [3^ for every k such that T{k] o d"‘ < m we have 

^0 = ^ (A;) o f/™,..., ^ (1) o . 

Let k - then T{k) - TL[n-m) (as - i for every i > 0) and so T{k)o 

- m - niA n hy 13.41 . Since hy assumption mA n > 0, we have T[k] o d'" < m and so 
the application of Lemma|3j9]gives the result ?ls m- T{k)od"^ - niAn. □ 


In the sequel, we consider the measurable function —► IR+ that satisfies Dq = 

0 and for ^ E N \ {0}: 


( 6 . 1 ) 




J:0<T{i)<mmiT£,n) ^ 


od",ne N. 


The fact that the right hand side is measurable with respect to Sq (and thus can be 
written as a function of Sg) is a consequence of Proposition 13.51 and the fact that the 
random variables appearing in the formula are related to the dual Lukasiewicz path S o 
d". 

Moreover, we leave the reader check that for any Y eJi* the sequence (D^ (F), ^ e N) 
is increasing. Actually, this comes from a more general fact, namely that D([Y) for Y e 
JY* gives the distance between n{Y) and the ^-th stub of Y. 

The following result relates the two shifts which play a key role in this paper : on the 
one hand, the canonical shift 9 which acts on the initial sequence of sticks ((Vn,5*n), n e 
Z) through the term niS'ffi - o0m> and on the other hand, the shift in time 

through the term ll-ll(n) - ll-ll(m). 


Proposition 6.2. For every 0 < m< n we have 

(6.2) H{n) - Him) = JtiS'^) - (S^). 


Proof Applving l6.1l to the random £ = Lin - m)o d"‘, we obtain (see Remark l3.121 


(T hmin(Ti(„_m),m)) 


(6.3) Dnri-m)oSm (S™) - 


E 


Y(i)- l(Ti(„_m) < m)ni^L{n-m)) 




i=l 

To prove 16.21 we distinguish the two cases mAn < 0 and mAn> 0. 

Case 1: mAn < 0. By 13.41 this condition is equivalent to Tun-m) °’9"‘ > m: in view 
of 16.31 . we thus need to show that 


IHI(n) - IHI(m) = ttISJJj) - 


E 

1=1 


od"‘. 


Using the expression for IHI(n), Him) andn^(S^) provided by Proposition[3j4]and 13.91 . we 
see that in order to show the above relation we only have to show that T~^in-m)od" - 
T~^in)od". This in turn follows from the fact that the condition mAn < 0 implies that 
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T{T~^{n-m))od" > n f again by <3.4H . which is equivalent to saying that the sets{r(/): 
/ e N}o d" and {n- m,...,n} do not intersect and gives T~^{n-rri)o-d" - T~^{ri) od”. 
The proof in this case is thus complete. 


Case2: mf\n > 0. The result is obvious in the case mf\n - m, while in the other case we 
can invoke Pronosition lS.lOl and Lemma lSTI that give 


IHl(n) = :/T(S[^^") + n'(pL(n-m))°^’'”+7r(S” ) and IHI(m) = :/r(S™^”) + 


(T-Hrun- 

E 


n)) 


Y{i) 0-0 


i=i / 

Taking the difference between these two expressions yield the result in view of 16.31 (re¬ 
call that mA u > 0 is equivalent to TL[n-m) ° < m). □ 


The following lemma relates the shifted spine to the Skorohod reflection. 
Lemma 6.3. For any 0< m< n, we have n{S>%) = IHI{«) - mmjc=m,...,n^ik). 
Proof. It follows from 13.91 that 


;r(S") = 

'T-fn) 

E 

O0”- 

' T-fn) 

_ E 

O0" = IHI(u)- 

f T-fn) ] 

E Y(i) o0” 


( i=l 


<i=T~^(n-m)+l 


u=T~^(n-m)+l 1 


Next, we have from Prooosition l3.5l that 


while Lemma l3^ with k - T~^{n- m] gives 

§0 = ,.S(f(u - m)) o0”,...o0”]. 

Comparing the two expressions for Sg ,we see that 

^n-T(T-fn-m))od" ^ (.S(f («)),..., [n - m) + 1)} o ■9'^ 

and in particular, 

'I 

^ Y(i) o9'^^H[n-T(r~^(n-m))o9'^). 
<i=T~^(n-m)+l I 


We let the reader convince herself that IHl(« - T{T~^ {n - m)) o 0”) = min{m,.,.,n} H (again 
by comparing the number of ladder height times at u - T{T~^{n - mj) o0” and k e 
so that gathering the previous relations we finally obtain the desired re¬ 
sult. □ 

Corollary 6.4. For any 0 < m< n, 

(6.4) min C(f) = IHl(m)-Di(„_m)ofl»<(S™). 

Km^t<Kn 

Proof Let /” = min[jc,„,i<r„| C. Since IHl(n) - IHl(m) = - DL{n-m)od"’ by Proposi- 

tion l6.2l in order to prove 16.41 it is enough to prove that 

;r(S”) = H(«)-C. 


Local minima of C are by construction attained on the set {Kn : neNj and since IHI(fc) = 
ClJiffc) for any fc e N, this implies = minj;=m,...,n The result then follows from 
Lemma[6j3l □ 
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6.2. Triangular renewal theorem on a macroscopic horizon. By construction, 
only depends on the finite vector k- and we can thus for in¬ 
stance write :/r(S^) = En-mi^m) for some measurable mapping [0,oo). 

With this notation, Condition |(C5)| on the convergence of the chronological height pro¬ 
cess precisely means that if we take a vector e of [pd] i.i.d. random measures 

with common distribution , then H[p 5 ] (vP) converges weakly to Hootd). For instance, 

for any 0 < 5 < (poo ( t) we have E [pS] [p 5 ]) ^ (5) and we want to extend this 

result byreplacing the deterministic time Icpooipf)] by the random one (p{pt). 

Of course, the random variables = ipipt]- [pd],...,(p{pt)- 1) are not i.i.d. and 

so we cannot directly invoke the same argument. However, the renewal theorem sug¬ 
gests that these random variables become asymptotically i.i.d. as p ^ oo, which gives a 
rationale for, e.g., the convergence E^pg] (^i’(pq_|p 5 ]) = ^i^Upp-ipS]) ^ IHoo(d). Results 
with a similar flavor, i.e., renewal theorems on a macroscopic horizon, can be found in 
Miller (201 . 

Two technical difficulties prevent us from using Miller’s or other standard results: (1) 
we are in a triangular setting and (2) we need to consider a growing number of terms (of 
the order of p). In addition, MUler [20] typically assumes the almost sure convergence 
of !E|p 5 ] when we only have weak convergence. 

In order to overcome these difficulties, we exploit the coupling between two ran¬ 
dom walks with the same step distribution but possibly different initial distributions 
constructed in the proof of Lemma 9.21 in Kallenberg [13]. This coupling leads to the 
following results proved in the AnnendixlO 

Proposition 6.5. have the following size-biased distribution: for every mea¬ 

surable function f :R+X ^ 

• ifV^ is non-arithmetic, 

1 r°° 

• is arithmetic with span h, 

^ E I 1C = ih] PCK; >ih). 

Then (V'^{pt).^<p(pf)) ^ for every t > 0. 

Proposition 6.6. For each p > \ let Ep : ^ U be a measurable mapping such that 

^ Eoo for some random variable Eoo- Then E[Sp] i^p^pt)-ip5]^ ^ 

0<5< tl{2p*). 

Recall the exploration process pj = Sg o which similarly as 13.81 is extended by 
setting pJ5j = The following corollary to Propositions 16.51 and l6.6l 

gathers the results needed in the sequel. 

Corollary 6.7. For f > 0, the three sequences £pV(p[pt], Cpn{&^(p{pt)] and Ep\S^{p{pt)\ con¬ 
verge weakly toO as p ^ oo. If in addition 0 < 5 < tl{2f*], then 

i^tlph-lpS]] ^EIloo(5), £p:ir|p^|^^|_|pgjj ^ 

and 

sup Sp{u)od^^P^'> ^ sup Soo(m)- 
0<u<S 0<u<S 

Proof The convergence of the three sequences EpVfp^pt), £ptt{&*,p[pfi) and £p|^<p(pp | is 
a direct consequence of Proposition l6.5] (note that, for point processes, the functionals 
71 and M are continuous for the weak topology). 
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Let us now discuss the remaining convergence of £p7r(s?[^*|_|pgj], £p^(p^[p[j_[p 5 ]) 
and sup|Q 5 ] Sp From their definition, each of these random variables can he 

expressed in the form — iSpi (^^(pf)_|p 5 |) for some measurable mappings Hp : 

[0,oo). Proposition 16.61 implies that — |5p]converges if does, in 

which case they have the same limit. This means that we are brought back to the conver¬ 
gence of IHlp(d), J6'p{S) and sup |0 5 | Sp and since each of these three terms convergences 
by assumption ! (C3) | [(C4) | and | (C5) | the result follows. □ 


7. Proof of Theorems I5.2I and [01 

We now complete the proof of Theorems l5.2l and l5.4l Theorem l5.2l is proved in Sec- 
tions l7.1tt7.3l and Theorem l5.4l in Section [7l4] For Theorem l5.2l recall from the discussion 
in Section[5j2]that there remains to prove Lemma[5j^as well as the fact that both terms 
in the upper bound of 15.71 vanish, i.e., that 

(7.1) IHlp((pp(f))-IHlp((/)oo(l))^0 

and 


(7.2) lH]p(^p(r))-lH]p((pp(r))^o. 

Using the results of the previous section, we will first prove 17.11 in Section lTUl Then, 
we win use <7.1> to prove the following result in Section lT^ 

Proposition 7.1. For any t > 0 and any rj > l/(2j8*), 

^im Pp(ipCpr)-^(pr) > 77lHl(^(pr))) = 0. 

Combining 17.11 and Condition |(C5) j implies that IHl(^(pt)) is of the order of l/£p, 
and so Proposition s.ll directlv implies Lemma [5^ Finally, we will use Proposition s. II 
to prove 17.21 in Section[7j3l which will achieve the proof of Theorem l5.2l 


7.1. Proof of 17.11 . We start with the following simple lemma. 


Lemma 7.2. For any 1< m< n, 
(7.3) 


Proof. Relation 13.91 gives 


7r(S^_i) = 


'T ^{n-m+1) 

E 

jt=i 


Y(fc) 




If T~^{n - m -F 1) o f)“ = T~^{n - m)o f)”, then we obtain n'(SJ5j_]^) = and so the 

result holds in this case. Otherwise, we have T~^{n- m+1) op" = T~^{n- m)od" + \ 
and so isolating the last term, we obtain 

:^r(S” _i) = niSli) + y [f-\n - m + 1)) o . 


Further, for any A; e N we have 


Y(T' {k]'j — 71 o ^ (fc)] — ttoY^u To-i) ° 6 (fc))-i — ^(£^To-i) ° d . 

As To = 1, this gives Y(r“^(fc)) < 7i consequently, 

Y(f ^{n-m+l])od" - ^(^n-r(f-i(«-m+l))o«") ■ 


The condition T~^{n - m+1) op" = T~^{n- m)od^ + \ means that n - m -F 1 is a weak 
ascending ladder height time (for the dual process S o D”) and thus implies the rela¬ 
tion T{T~^{n-m+l))od" = n-m + 1. Plugging in this relation in the previous display 
achieves the proof. □ 
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Let for simplicity nip - ip{pt)Al(poo{pt)]. Since we have H{mp] < H{q){pt]) as well as 
H{mp) < Hilipooipt)]), the triangular inequality reads 

- Upi(poo(t))\ < Sp [H{q){pt)] - H{mp)) + Ep ([HI([^oo(pf)]) - IHI(mp)) 
and since nip < ra\n[ip{pt), [(pcalpt)]), Il 6 . 2 > gives by neglecting the terms D > 0 

\Hpl(pp{t)] - Hp{(p^lt ])\< Eptr (S^'f + £pn[s'Zf''‘^'] ■ 

In particular, we onlyneedto show that ep:;r(Sm^p) => Ofor (pp - (p[pt) or [(Poo(pl)]- Using 
the monotonicity of :/r(Sj^) in m given by Lemma 172] we obtain for any 0 < 5 < (poo(t) 

Pp (cptr (st;) > 7?) < Pp (mp < (/)p - [pS]) + Pp fepTT (sJ^.fp^j) ^ v] ■ 

The second term converges to Pp(lHloo(d) >p): for (pp = [(Poo(pt)] this is a conse¬ 
quence of |(C5)| and for cpp = ipipt] this was proved in CoroUarv l6.7l for 6 smaU enough. 
Since this inequality holds for every 6 small enough and since Hoo is almost surely con¬ 
tinuous at 0 by Condition |(C5)| in order to conclude the proof it remains to show that 
Ppinip < (/)p - [pd]) —► 0 as p ^ oo for each fixed 0 < d < ipooW, which we do now. 

By Assumption flCi]] the genealogical contour process S#’p converges weakly to a con¬ 
tinuous process S^oo- Since <pp/p ^ <Pooit), this implies that ‘^p{tp) - inf/^ S^p ^ 0 with 
tp - ippip or tp - (poo[t) and Ip = [min(0p/p,(poo(t)),max(0p/p,^oo(t))]- By classical 
arguments on discrete trees, this implies that the genealogical distance rescaled by Ep 
between cpp and nip converges to 0, i.e., Ep{J 6 '{(pp) - Jf^iirip)) ^ 0. Therefore, for any 
ri> Owe obtain 

limsupPp [nip <(pp- [pd]) < limsupPp [nip <(pp- [pS],Ep{J£’{(pp) - J^'inip]) < rf). 

p—*oo p—*co 

Since L{n - m)o d"' = 0 if and only if m = mf\n, Prooosition l6.2l imolies that M’{n) - 
J£’{m) - forany 0 < m < u with m e sz/{n)nU+. In particular, it follows 

by definition of nip that J 6 ’{(pp) - J£‘{mp) - n{p^^]. Since n{p^] is non-increasing in m 
by Lemma[72] this gives 

Pp [nip <(pp- [p 8 \,Ep{^{(pp) - je{mp)) < 77 ) < Pp {EpTi (p^p_|p 5 ]] ^ 77 ]. 

Since this term converges to P(,;^lfoo(d) < 77 ) (for <pp = (p{pt) this comes from Corol- 
larv l6.7l and for (bp = [<Pooipt)] this is the convergence of the genealogical height process 
assumed in |(C4)( we finally obtain 

limsupPp [mp<(pp-[pd]) <P [^ 00 ( 8 ) < 77 ). 

p—*oo 

Letting 77 —► 0 in the last display therefore concludes the proof thanks to Condition |(C4) | 

7.2. Proof of Proposition [7Uj In order to prove this result, we introduce two inter¬ 
mediate height processes. We enrich the probability space with a random variable 
which under Pp is equal in distribution to and independent from the sequence 
{d^(p(pt)+k>k > 1 ), and we consider S(p) = (S”pj ,77 > 0 ) the spine process defined from 
the sequence {3^,&*(p{pt)+i,- • • For fc > 0 we then let 

= and HP(fc) = ;r(§fp)). 

Lemma 7.3. under Pp is equal in distribution to H under Pp. Moreover, we have 
£:pSupj.>olHP(A;)-IHlP(fc)l => 0 . 

Proof. The first part of the lemma directly follows from the strong Markov property. As 
for the second part, Lemma [72] gives 

0 ^ ^ ^ (sJSm) ^ and 0 < ;r (sf^,) - ;t (sj) < nm 
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which gives - IH|P(A:)| < 7r(^3*) + Since this bound is uniform in k and 

both and &*q,{pt) converge weakly (by Condition IT-ClI and Corollarv l6.7l . multiplying 
by Sp and letting p^oo gives the result. □ 

We now turn to the proof of ProDosition l7.ll Let in the rest of the proof Ap = - 

Since by definition 

(p{pt) - inf{fc >l:2y{k-l)- IH1(A;) > pt\ and ^{pt) - inf{fc > 1:2’F(fc) > pt}, 
it follows that 

Ap - inf{fc >0:2y {(p{pt) + fc - 1) - Hiipipt) + k)> pt\. 

Defining'Pp(fc) = y{(p{pt) + k) -y{(p{pt)) for fc> -1, we obtain 
Ap = inf{fc> 0 : 27^ (fc - 1) - IHl(^(pt)) > H{(p[pt) + k)-H{<p{pt)) - [2y[(p[pt)) - pt)} 
and so according to ProDosition l6.2l 

(7.4) Ap = inf{fc>0: 

27p(fc- 1) - nmpt)) > (sf- (2y(<p(pt)) - pf)}. 

Since Dfc(v) > 0 and 2F {(p{pt)) > pt, we obtain by definition of HP that 

Ap < inf{fc > 0: 27^(fc- 1) - H[(p[pt)) > HP(fc)}. 

In particular, if dp = [pH((p(p t))] then in order to prove the result it is enough to show 
that Pp {ZVpiOp - 1) - H((p(pf)) > HP(CTp)) —► 1 which we rewrite as 

Pp (2’Fp((Tp - 1) - (Tp/p > HP(CTp)) 1. 

Since for any y > 0, we have 

Pp (2Fp((Tp - 1) - (Jp/p > HP((Tp)) > Pp (2Fp((Tp - 1) - (Tp/p > y/Cp > flP((7p)) 
the desired convergence is implied by the following two relations: 

(7.5) £pHP((Tp)=>0 and liminf Pp (27^(CTp - 1) - dp/p > y/Cp)—j^l. 

Let us begin by proving the first relation £pHP(dp) ^ 0. Corollary 14.31 combined 
with <7.11 shows that £pdp ^ pHoo(<7'oo(7))i and since pCp oo by |(C2)| it follows that 
dp / p => 0. Since H^ is equal in distribution to H by Lemma[7j3]and dp is independent of 
H^, we obtain in view of Remark l4.2l that £pHP(dp) ^ 0. The second part of Lemma l7.3l 
finally entails the desired result £pHP(dp) ^ 0. 

We now prove the second convergence in (73). By construction, 7^ is a renewal pro¬ 
cess independent of H{(pipt)), and thus independent of dp: Lemma [531 thus implies 
that 7^p(dp - l)/dp ^ ;S* and since, as already mentioned, £pdp ^ pHoo((Poo(7))i we get 

IminfPp (27^p(dp - 1) - dp/p > y/£p) > P((2;S*p- l)Hoo((Poo(7)) ^ y) ■ 

Since (2;S*p-l) > 0and,;?ifoo(^oo(7)) > 0 a.s. by |(C5)| the result follows by letting y ^ 0. 

7.3. Proof of 17.21 . Let as in the previous subsection Ap = ip{pt]-(p{pt). ProDosition l6.2l 
gives 

(7.6) Hp((pp(r)) - Hp(<pp(t)) = ep?r(s^|P2) - £pDp^(^^) (§f , 

where we have defined ip (fc) = L(fc) o {)V(PP . We now show that each term of the right- 
hand side of 17.61 vanishes, and we start with the second one, i.e., we show that 


(7.7) 
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(sf'”’): 


0 


It is not hard to prove that is non-decreasing in k and the sequence {EpAp, p 

1 ) is tight, it is enough to show that 

(7.8) ^p^ntp]oS<p'.p‘i 

for some deterministic integer-valued sequence (tp) with Eptp oo: we will consider 
tp - lip/Ep)^^^], which satisfies in addition tp/p —► 0. In order to prove 17.81 . we fix until 
further notice y, y' > 0 and two integer-valued sequences (yp), (yp such that Jpl p 

(in particular tpljp 0) and j'pUpEp) — y'. Since both and L{k) o are 

non-decreasing with k, it follows that for p large enough such that tp<Yp, we have 

Pp (Sf P«) > 77) < Pp (iCyp) > y^j +Pp (cpD^, (Sf'’«) > p). 

By definition of L and S, the first term is equal to 


Pp(i(yp)o'9'('‘P'’>yp) = Pp 


(p{pt)+i 


min ^ - 1 ) < -y' 

]c=ip[pf] 


Isolating the term |l3®,p(pf) I - 1 and using that the l3*fc’s for k > (p{pt) + 1 are i.i.d., we 
further get 


Pp(i(yp)o'S'('‘P'’>yp)<Pp 


y' 

l^ipipt) I - + 1 


i y' '' 

min (l^kl - 1) < - ^ 
i-h-,rpk=i 2 


The first term vanishes bv |(C2)| and Corollarv l6.7l and so rescaling the second term 
by pEp and using |(C3T| we obtain 


limsupPp(L(yp)o^)'P^P'> > y^j < P inf^Soo(t) 


p—»oo 


r 


By letting first p —^00 and then y i 0, we thus have at this point 

limsup Pp (sf> 7 ?] < limsup Pp UpD > 77 ]. 

n^rv-i \ r ) ri—*r^ \ P J 


p—*oo 


p—»oo 


Fix now some 0<5 < tl {2p*)‘. by definition <6.11 of D, 

( \ 




E 


7;0<r(7)<T / 
^P 




and so in the event < [pS]}, we get 




(T-Hipsn 

E 

!=1 


(p{pt)-[p5])' 


where we have used 13.9t to derive the last equality. In particular, 
Pp (epD^-pCSf'’'^) > 77 ) < Pp > [pd]]+Pp [Ep7i[ 

and since by definition we have 


S 


vipt) 

(p(pt)-lp5] 


)>^) 


Pp [xy > [p5]] = Pp sup S(fc) < y' 

^ ' \i:=0,...,|p5] 


Corollarv l6.7l imDlies that 

limsup Pp^EpDy^[Sp’^‘'‘)>p^<P 


p—*oo 


sup Soo(I) < y' I + P (lHloo(<5) > 77 ) . 

0<f<5 


Letting first y' ^ 0 and then 5^0 concludes the proof of <7.81 . and so also of <7.71 . 
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We now show that the first term in the right-hand side of I l7.6> also vanishes. In view 
of 17.41 and using 2T- pt< 2V'^(pf), we obtain 

< Ep [2'Vp{Ap - 1) - H{(p{pt)]) + (Sq ^ ] + 2EpV(p(pt). 

We have just proved that the second term vanishes (in law), and since the third term 
also vanishes by Lemma |5j8] it only remains to control the first term. Since T is an in¬ 
creasing sequence, for any y, 77 > 0 we have 

Pp (cp {2fpiAp - 1) - Hi^ipt)]) > 7 ) < Pp (Ap > pHi^ipt))) 

+ Pp (ep {2Vp[[pH{(p{pt))]) - H[(p{pt))) > 7 ). 

Choose now 77 > 1/(2/!*), so that the first term vanishes by Proposition 17.II For the 
second term, we note that Y is independent from Hiipipt]) to obtain with similar argu¬ 
ments as in the proof of Proposition l7.1l 

limsupPp (ep [2Yp[[pH[(p[ptW - Uicpipt))) > 7 ) < P((2;6*77- l)IHloo((Poo(?)) ^ t)- 

p —00 

Since P(IH1 oo((Pcxd(?)) > 0) = 1, letting 77 —► 1/(2/!*) concludes the proof. 


7.4. Proof of Theorem l5.4l In this section, we assume in addition to everything else 
that (Yp is uniformly integrable and we prove Theorem l5.4l 

Lemma 7.4. Let{£{p),p > 0) be a deterministic sequence inU+ going toco. Then for every 
t> 0 we have 

Ep (d^(p) (s'P'b - a*Deip) o<^)) ^ 0 . 

Proof. Let T~^ = r“^(min(T/(p), [pt]]) and Rp = 1(0 < T/(p) < [pt]) 7 r(/i/(p)), so that by 
definition 16.11 of D we have 


D^(p)(Si,P") = 


f T~^ A 

Zvff) 

!=1 


oL(IP«-f?poL/[P«. 


Using the various facts that D/(p) (s{(’^'o'(^) = D/(p)(s|(’^')°'j^, that = n{p(]o(S - 1, 

that T~^ and Te{p) are genealogical quantities and finally that and commute, 

composing on the right with in the previous display gives 


D/(p)(s‘P'’ - i(T^(p) < [pt])]o{)^p». 

By duality, we therefore only have to show that the three quantities 


Tp^ 

EpRp, epl(T/(p) < [pt]] and Ep ^ [Y(A;)-E(Yp] 


converge weakly to 0. The second one obviously does since Ep 0. For the third one 
we proceed similarly as in the proof of Theorem 14. II indeed, EpTf^ is tight (because 
it is smaller than EpT~^[[pt]) by monotonicity of T~^, which is equal in distribution 
to Jfpit)), which is the only assumption necessary for the proof of Theorem 14. 1 1 to go 
through. 

We now prove that EpRp => 0, which will conclude the proof First of all, let F such 
thatT^(p) = r(F): then by definition, p/(p) = po°0r(r-i) andso 7 r(p^(p)) = 7 iopQodx(r-i) = 
Y(F-l). In addition, if T^(p) < [pf]thenF < r“'^([pf]) andsoifp < maxj.^]^ f-i([pf]) 
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Next, we fix some N>0, consider Np - [N/Sp] and use the previous inequality to write 


(7.9) 


rnax Y{k) >7] 


fc=i,...,r-i([pfl) 


<Pp{T-\lpt])>Np) 


max Y(fc)>77„ 
k=l,...,mmiNp,G-l) 


where G = inf{A; > 0 : T{k) - oo} and r]p -rjlep. For the first term of the right-hand side, 
we note that T~^{[pt]) is by duality equal in distribution to M’ipt) to get 

limsupPp(r“^([pf]) > Np] - limsupPp (^p(t) > EpNp) 0. 


p—^co 


p—oo 


It remains to control the second term in the right-hand side of 1 17.91 : since the (Y [k),k- 
1,..., G - 1) are i.i.d. by Lemma l3.13l we have 

Pp max Y(A:)>j7p 

This last bound vanishes because ATpPtY* > rjp) ^ 0 as a direct consequence of the 
uniform integrability of the Y* together with the following bound: 

)VpP(Y;>qp)<:^E(Y;;Y;>^]. 

The proof is complete. □ 

In the sequel for 0 < m < p we define 

M{u,v]= inf S^(t) andy(w, 1 ;)= inf C(t). 

u<t<v u<t<v 


< 1-1 




N„ 


Corollary 7.5. For any Q < a< b we have 

Ep \M{Kipa],K[pi,T^) - a* J{[2pa,2pb)) ^ 0. 

Proof. First of all, we note that 

Ep[Ji{2pa,2pb)-M [Kypa] ,K[p^]o(S]^Q. 

Indeed, this follows from rewriting pa, 2/i*ph) = inf{‘^p(f) :2a< t<2h\ and 

M[K[pa\,Kypi,fio(S ^\ni^p[t ): ^K[pa] o<S<t< ^Kipb] 

together with the following two facts: 1) ‘^p => with continuous and 2) p~^K[pa] o 
^ ^ 2a. Therefore, in order to prove the result we only have to prove that 

Ep (Ml(X^[p(2] j K^pb]) ~ ^ y (^[pci] f ^[pb]) ^^] ^ 9. 

To prove this, we define Lp - LUpb] - [pa]) o and apply CoroUarv l6.4l to write 


Ep [M{K[pa],K[pb])- a*M{K[pa],K[pi,])o^] = Ep [Hilpa]) - a*.^[[pa])] 

- Ep (Dip ) - a* Dip ) o . 

The first term on the right-hand side vanishes by Theorem l4.ll so we are left with the 
second term. Since Lp is a genealogical quantity, this term is equal to 

Ep (DipCS'P"') - a*Dip(s‘^“’) = Ep (Dip(s‘^“’) - a*Dip(si,P^' 

and we can now invoke Lemma [7)4l to conclude that this term vanishes, as Lp is inde¬ 
pendent of and converges weakly to oo. This proves the result. □ 
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Proof of Theorem\5^ In order to prove Theorem l5.4l we have to prove that 

ep [Mips, pt) - a* J^{2(poo{ps),2(pao{pt])) 0. 

Since for any r e IR+ we have p~^K[pt] => 2/3* t, for any 0 < y < f we have Pp{Ep{t,Y)) —^ 1 
as p ^ oo where Ep ( t, j] is the event 

Ep{t,Y) - {f^[(/)oo(pf-pr)l - P^- ^[<Poo(pf+pr)l}- 

Thus in the sequel, for any 0 < y < 5 < t we can assume that the event Ep{s,Y) n Ep{t,Y) 
holds. By monotonicity, in this event we have 

^ {^l<prx,(ps-pr)] ’ ^lipoolpt+py)]) - M[ps,pt) < M[K[^^{ps+pj)] ’ ^l<pcx,{pt-pr)]) ■ 

Thus defining a - (pooips), b - (pooipt), a- = [(pooips± py)] and b- - (p^{pt± pY), we 
have 

|y(ps,pt) - a*J^: [2(pooips),2(poo{pt)]\ 

< |y [Ka+,Ki,-) - a*Ji{2a,2b) \ + \M{Ka-,Ki,+ ) - a*M (2a,2h)| 
and pursuing with the triangular inequality, we obtain 

|y(ps,pt) - a* Ji [2(pooips),2(poo{pt)]\ 

< |y {Ka+,Ki,-) - a*M [2a^,2b~) | + |y [Ka-,Ki,+ ) - a* Jl (2fl“,2h''')| 

+ a*\jl [2a^,2b~) - Ji [2a, 2h) | + a* [2a~ ,2b'^) - Ji [2a,2b] \. 

Multiplying hy Ep, the two terms of the second line vanish as p ^ oo hy CoroIlarv l7.5l let¬ 
ting then y ^ 0 makes the terms of the third line disappear hy virtue of the convergence 
=> Sg'oo with continuous. The proof of Theorem l5.4l is complete. □ 

8. Some examples where tightness eails 

In the Galton-Watson case, if the height process converges in the sense of finite¬ 
dimensional distributions toward a cadlag process, then one actually only needs mild 
additional assumptions in order to get weak convergence in a functional sense of both 
the height and contour processes, essentially assumption (H3c) discussed after Corol- 
larv l4.3l For instance, we automatically get weak convergence in the non-triangular case 
where the offspring distribution does not depend on p. 

In this section we consider simple examples where the genealogical height and con¬ 
tour processes of the corresponding CMJ trees converge in the sense of finite-dimensional 
distributions but not necessarily in a functional sense. In contrast to the Galton-Watson 
case, we show that this can happen even in the non-triangular case. For these exam¬ 
ples, all the assumptions of the main results of the present paper (namely Gorollarv l4.3l 
and Theorem l5.21 hold, which shows that further conditions are called upon in order to 
strengthen these results to functional convergence. 

Throughout this section, we assume that [V* ,3^*) is equal in distribution to [¥*,&**], 
independent of p. We let ^ = |^3** | and assume that its distribution is a critical offspring 
distribution in the domain of attraction of an a-stable law with a e (1,2). Then, it is 
known that for the choice Sp-Sp- p-d-i/a)^ assumptions (H3a)-(FI3c) and |(G2)H(C4)| 
hold. In particular, Sp has jumps of the order of one which means that, typically, some 
nodes have of the order of pEp - p'^^® children: these nodes are called macroscopic. 

8.1. First family of examples. To start with, consider the case 


E(Y*) = E 



ud^*[u] 


= E(0 = 1. 


so that E(l^*) = 2 and 
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In particular, assumptions (H2) and |(Cl)| hold. The corresponding CMJ tree is then al¬ 
most a Galton-Watson tree with offspring distribution the distribution of except that 
each edge is extended by a length equal to the number of children of the correspond¬ 
ing individual. Since H only depends on the but not on the Vp, we have H = 
and so Up converges weakly. On the other hand, macroscopic nodes have, by construc¬ 
tion, edges with length of the order of When the particle traveling along the edges 
meets such an edge, this makes C go up and then down at rate +1 for a duration 
so that during this time interval C has variation of the order of Because of the 

scaling Cp{t) = such a time interval corresponds for Cp to a time in¬ 

terval of size X (1/p) = p-(i-i/a:)^ during which Cp has variation of the order of 
pila ^ p-(i-i/a) _ p 2 /a-\ Since a e (1,2), in the limit we see that each macroscopic 
node should induce an infinite jump of Cp. Since macroscopic nodes are dense, this 
strongly proscribes the tightness of Cp. 


8.2. Second family of examples. Let us now consider a variation of the above example, 
where both Hp and Cp fail to converge weakly: here we consider 

(y*,'^*) = (l + f,(^-l)5i+df), 

so that E(y*) = 2 and E(Y*) = E(2f - 1) = 1. Again, the corresponding CMJ tree is almost 
a Galton-Watson tree, with the difference that all but one child are born at time 1, and 
one child is born at a time equal to the number of children. The crucial difference with 
the first family of examples is that now, a macroscopic node also induces an infinite 
jump of Hp for the exact same reason as before. 


Let us now push this example a little further, and discuss the claim made in Sec- 
tion l5.2l that a uniform control of the kind 

(8.1) |Hp((pp(r))-Hp((poo(l))| ^sup{|Hp(s)-Hp((poo(f))|: |s-(Poo(l)| ^Vp} 


for some rjp ^ 0 such that Pp[\(pp{t) - (pooit)\ < rjp) —► 1 is too rough. Actually, we will 
discuss this with (pp{t) instead of ipp{t) but since these two quantities are close (recall 
Lemma lS^ , this discussion is equally insightful. In this case, classical results show that 
- (pooipt) is of the order of Undoing the scaling, we see that we want to 

understand the order of magnitude for the variations of H on time scales of the order of 
and in particular to see how these variations compare to the space scale 
Since Sp converges to a stable process, it follows from the previous discussion that 
on the time scale S makes jumps of size = p^^“^. As before, these jumps 

correspond to “mesoscopic” individuals with of the order of children, which also 
have edge lengths of the same order. In particular, if the space scale is negligible 

compared to , i.e., if 


1 



a < 


l-tv/5 

2 


then it is reasonable to expect the right-hand side of 118.1 1 to blow up, although we have 
proved that left-hand side vanishes. 

To conclude, we mention that such examples could be generalized by considering 


(y*,/3«*) = (i + ^,(^-i)di + d^(o) 


for some function / : [0,oo) ^ [0,oo) such that E(/(^)) < oo. This extended family of 
examples then allows to decrease the above threshold involving the golden number, 
and also to show that even if a = 2, i.e., the offspring distribution has finite variance, Hp 
may fail to be tight even though its finite-dimensional distributions converge. 
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Appendix A. Proof of Lemma IsT^ 

In this section we prove Lemma lTSi first consider the following lemma. 

Lemma A.I. For any n > 0 with L(n) o > 0, we have 

(A.l) T{T~^{n))^n + TL(n)°Qn and = fiLin)o0n- 

Considering this lemma with n - n- m, composing to the right with d” and us¬ 
ing dn-m o = •9"' hy 12.IL this lemma gives Lemma l3^ except for the fact that n - 
T{T~^{n - m)) o d" (or m - TL[n-m) ° 9"^) is equal to mAn. Thus, in order to prove 
Lemma l33] we first prove Lemma lATTl and then prove the equality with mAn. 

A.l. Proof of Lemma lA.ll Let u > 0 with L{n) o > 0. Simple computation shows that 
(A.2) L{n]odn- max S{-i)o0n- maxS-S(u) 

and so L{n] o > 0 means that n is not a weak ascending ladder height time of S, in 
which case by definition of T~^{n) we have 

r(r“'^(u)) = inf i fc > u : S(A:) > maxsi. 

I {0,...,n] ] 

The right-hand side is always equal to u -i- Ti(„) o indeed, 

tun) o = inf {fc > 0 : S{k) > L(n)} o 

= inf {fc >O:S[k)o0„> L[n) o 0„} 

- infi k> 0: Sin+ k) - Sin) > max S- S{n) 

{ {0,...,n] 

= inft A: > u; S(A:) > maxSf-n. 

I {0,...,n} ) 

This proves the first identity in lA.lL and we now prove the second one. Define the 
random time T = TiT~^{n) - 1): recalling the definition .S(k) = po °6r(fc-i). we see that 
we have to prove that po ° 6r = FUn] ° On (under the assumption Lin) o > 0). Going 
back to the definition of it^r^-i^’ we see that 

Fo°6t - Yfgogp (l3*Too0r+r-i) nnd FL{n) °9n- '^(nn)°dn [^ri(„)oe„+n-i} 
and so it is enough to show that 

(o°0r ^(L(n)°dn and Too0r + r = th„)O0 „ + n. 

We first show the second identity. Since tq = 7(1) and 7(1) -i- 7(fc) = Tik+ 1) for 

any A: > 0, considering k - T~^ in) - 1 yields tq o 6r + 7 = 7(7“^ in)) which is equal to 
tUn) o + n as has been argued above. 

Using this equality, we now prove that (Coo6r = (un)°Sn which wiU conclude the proof 
of Lemma lA. 1 1 Since (nn) = Lin) - S(Ti(„) -1), L(u)o6„ = maX{o,...,n) S-Sin) by llA.21 and 

SiTLin) - l)o0n = S(Ti(„) o0„ + n-l]- Sin) = S(7(7"Hn)) - l) - Sin), 

we get 

(un)°en = maxS-S(7(7-i(u))-l). 

Moreover, 

Co ° 0r = -S(To - 1) o 0r = SID - S(to o 0r + T - 1 ) = S(r) - S{TiT-\n)) - l). 

Since the condition Lin) o > 0 means that n is not a weak ascending ladder height 
time of S, we have T~^in) - T~^in) + 1 and in particular, T = TiT~^in)). Thus, 5(7) = 
niaX{o,..,,n} 5 by definition of T~^in) which concludes the proof. 
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A.2. Proof of the identity for mf\n. Let 0 < m < n with L{n - m)o > 0 and define 
K- n- T{T~^{n- m)]od": in order to conclude the proof of Lemma|3j3l we nowprove 
that mAn = k. Since on the one hand k - n - T{T~^{n- m)] o{)", it follows from the 
definition of sd{n) that k e sd{n). Moreover, TL{n-m) is by definition a weak ascending 
ladder height time, i.e., for every fc > 0 there exists F such that tj; = T{T]: in particular, 
K-m- TL[n-m) ° also belongs to sd {m). In order to conclude the proof it remains to 
show that K> a for any a e sd {m) n ^ [n]. By definition, we can write such an a as 

a=n- r(r)o5" = m- T{T')od’^ 
for some F, F' > 0. In particular, 

T{T)od’^=n-m+T(r')od’^>n-m 

and so by definition of we have Fo5” > T~^{n - m)od^. Since the weak ascending 
ladder height times form an increasing sequence, this implies T{T] od" > T{T~^{n - 
m))od" and so a < k, which concludes the proof. 

Appendix B. Proof of Lemma IXb] 

Let n>0, m = n-TQO d", i = (qo d" and assume that m > 0: we have to prove that 
i E {0,...,“ 1} and x(m,i) = n. Let us first prove that i e - !}■ Since 

- ^n-rood" - fhis follows from the fact that = -S(to - 1) < S(to) - 

S(to - 1) = |^3*to-i I “ 1 and then composing on the right with d”. 

Let us now prove that i] - n. By definition of % and since S only makes negative 

jumps of size -1, we have to prove that 

(B.l) S(n) = S(m+l)-i 

and that 

(B.2) S(f’)>S(m+l)-i, / = 

Let us first prove IB.ll . By definition of m and i we have 

S(m + 1) - I = S(n - To od” + l) - fo = S(n- To 0-0” + l) + S(to - 1) 0-0” 

which by <3.11 (applied with F = To - 1) implies IB.ll . Let us now prove IB.21 : in view 
of IB.ll we have to prove that 

min{S(fc) :fc=m+l,...,n-l}> S[n) 
which directly follows from the fact that 

min{S(A;) ■. k - m + . ,n - \] - S{n) - max{S {k): k - I,... ,T{1) - 1} o . 

Appendix C. Prooe of Propositions I6.5I and I6.6I 

C.l. Coupling between random walks. We present here the coupling of Lemma 9.12 in 
Kallenberg [13) between two random walks with the same step distribution and possibly 
different initial distributions. The coupling starts from the following stochastic primi¬ 
tives, which are assumed to be mutually independent: 

• a and a', two independent real-valued random variables; 

• (ffc)i i i d- sequence of real-valued random variables; 

• (pfc), i.i.d. sequence with P(pfc = ±1) = 1/2. 

Let 

n 

W[n) ^a' -a+Y^ n>0, 

fc=i 

so that W is a critical random walk with initial distribution a' - a and step distribution 
pi^i. Fix in the rest of this subsection £ > 0 and define the following quantities: 

• Ae = inf{n > 0 : M/(n) E [0,£]}; 
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• Ki < Kz < "■ the values of k with gt - ^ and k[ <K 2 < - " the values of k with 

• and finally 

n n 

W{n] - a + and W'(n) = a'+ ^ . 

i=i ;=i ^ 

Lemma C.l. W, respectively W', is a random walk with step distribution and initial 
distribution a, respectively a'. 

Proof. See the proof of Lemma 9.21 in Kallenberg (T^. □ 

Thus we have constructed a coupling of two random walks with the same step dis¬ 
tribution, as promised. The interest of this coupling lies in the following result, which 
exhibits an event in which many increments of W and W' are equal. In the sequel we 
define: 

• (T = \{j : Kj < Ae}\, a' = \{j : k'j < Ae }\and 

r = max max W{k), max W'{k) 

\k=0,...,cT k=0,...,a' 

• y/[t) - inf{n > 0 : W{n] > t} andy/'[t) - inf{n > 0 : W'in) > t] for f > 0; 

• Afc = Wm - W[k - 1) and = W'{k) -W'{k- 1) for fc > 1. 

Lemma C.2. For any m e N and f,£ e IR+, in the event 

{ 7 < f} n {y/lt) > Ae + m}n {W'[y/'{t)) > f-i-2e}, 
we have Ay,(t)-k = fc = 0,..., m. 

Proof. Let W and w' be the processes W and W' shifted at time cr and ct', respectively, 
i.e., defined by W{n)- W{(j+ n] and W [n) - W'(cr' + n). Then for any n > 0, we have 

(C.l) W{n]^w'{n]-WlAe), 

see (m Lemma 9.21] for details. Assume in the rest of the proof that y < t, yr{t)> Ai, + m 
and W'[y/'[t]] > t + 2e. By definition, y < f implies that y/{t) > a and so we can write 

y/{t) - ml{n >cr:W[n)> t}- cr-i- inf >0:W{n)> f j-. 

In particular, using tC.ll we obtain 

- cr-I-infjn > 0 : w'{n) > t-W{Ae)^ 

and since j < t implies y/'{t)> cr' as well, a symmetric reasoning finally entails 

y/[t)-cr - y/'[t + 2W[Ac)) - a'. 

Since by definition W[Ac) < e and since we assume W'[y/'[t)] > t + 2e, we further get 
that y/'[t+ 2W[Ac)) - y/'[t), which finally proves that y/[t) - a - y/'[t) - cr'. Consider 
now any fc = 0,..., m-i-1, so that y/[t)> k + a and y/'[t) > k+ a' as a consequence of the 
assumption y/{t) > a + m and the fact that y/[t) - a - y/'[t] - a'•. then we have 

W[y/[t) - k) - W[y/[t) - cr - k) (by definition of W) 

- W[yr'[t)-a' - k) (by yr[t) - a - yr'[t] - cr'] 

^w'[y/'[t]-a'-k)-W[Ac) (bv tOl). 

which finally gives 

W[y/[t) - fc) = W'[yr'[t) - fc) - W[Ac) 

by definition of W. This last equality readily implies the desired result. □ 
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C.2. Stationary renewal processes on IR. In this subsection and the following one, we 
fix some p > \. We enrich the probability space to x IR^. x (0,oo) and denote by 
[oj, d-,d+) X (0,oo) the canonical sequence. We then define 

n 

W+{ri} = d++ V+k, n>0, 
k=l 

as well as the following point process on IR x 

n>0 n>0 

For X a probability distribution on IR+ x (0,oo) x let Pp be the probability measure 
under which: 

• are i.i.d. with common distribution [2V*,0^*); 

• (d-,d+,S^Q) is independent from this sequence and has distribution %■ 

Under Pp, Vo will not play a role. We consider 0f the shift operator acting on measures 
on IR X as follows: for any measure v on IR x and any Borel sets fJ c IR and MczM, 

&tv(B X M) - v{{t + B) X M). 

Note that Z uniquely characterizes the canonical sequence (w,d_,d+) and so with a 
slight abuse of notation, we will sometimes consider that we are working on the canoni¬ 
cal space of locally finite point measures on IR x M, that Z is the canonical measure and 
that <y and d+ are functional thereof, e.g., d+ = inf{f > 0 : Z({f} x > 0}. In particular, 
the notation Pp o makes sense, which is rigorously to be understood as the law of 
©tZ under Pp. 

Recall that V* follows the size-biased distribution of Up, and let {¥*,17*, tP* ) be such 
that, conditionally on V* = v: 

• ^p is independent from U* and is distributed like conditionally on Up = v; 

• if Up is non-arithmetic. Up is a uniform random variable on [0, v]; 

• if Up is arithmetic with span h, Up is a uniform random variable on {0,h,...,v]. 

Let Xp be the law of {0,2Vp ,&**) and Xp the law of (2(Up - Up],2Up,!pp]. The following 
result corresponds to Theorem 2.1 in Miller (20). 

Theorem C.3. The measure Pp'’ is shift invariant, i.e.: 

• ifVp is non-arithmetic, then Pp'’ o ©“^ = P^'’ for every t e P; 

• ifVp is arithmetic with span h, then Pp'' o ©“^^ = P^'’ for every i e Z. 

The coupling presented in the previous section can be extended to the case of a 
marked random walk to give the following result. In the sequel, let hp e P+ be the span 
of Up in the arithmetic case, and with a slight abuse in notation let hp :U+ R+ be 

the function such that hp{t) = fin the non-arithmetic case and hp{t) = hplt/hp] in the 

arithmetic case. 

Lemma C.4. For any m e N, t e P+ and /: P x ^ [0,1] measurable, the inequality 

[d^ + d.,^0,-4” + 

< P(Up < e] -hP(t/p > t'j -I- 3Pp(7(m + n)^hp{t)l2- t'] + 2P [A^ > n], 

holds for any n e N and t', £ e P+, where is the random variable defined in Sectiot iCJ] 
for a and (i equal in distribution to 2Up and a' to2Up. 
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Proof. First of all, note that by definition of hp{t) the law of {d+ + 

is the same under o and o ■ In particular, we can assume without loss 

of generality that t-hp{t], which allows us to use Theorem lC.3l to get Pp'’ o©^'^ = Pp^- 
Next, considering the notation of Section 1C.II we consider the coupling described 
there with a and f i equal in distribution to IV* and a' to 2(7*. We modify this coupling 
in two ways: (1) we extend W{n) and W'{n) for n < -1 arbitrarily; (2) we consider an 
additional sequence (vj;) of marks, whereby W{n], resp. W'{n), is given the mark = 
Vk„, resp. m'„ = This way, in addition to the conclusions of Lemma lC.2l we obtain 
that for any A: = 0,..., m in the event described there. In particular, if 

marks take value in then for any measurable function f ^ [ 0 , 1 ] we obtain 

< P (7 > f) + P [yr{t] < + m + \)+V [W'iy/'it]) < f + 2£). 

When a, a' and are as prescribed above and the vj;), fc e N) arei.i.d. with com¬ 
mon distribution we get the identities 


E[/(A^(f),v^{f),.. 

.., Vv.(f)-m)] = E^" 0 ©7I [/+ d_,. 

■ -m)] 





Since Pp'’ is shift-invariant, we thus get the bound 

o©-^[f [d+ + [f {d^ + 

< P( 7 > t) -i-P(i/A(f) < A^ + m] + P [W'iy/'{t)] < t-i-2£) 
and so in order to conclude the proof, it remains to show that 

P( 7 > t) + P[yf{t) < A^ + + < t + 2e) 

<p(t/p <£]-tP(t7* > t'^+3Pp{y{m + n)> t/2-t')+ 2P{A^ > n). 

First of aU, by definition we have P(W'(i//'(f)) < f -1- 2£) = Pp'’ o ©~^{d+ < 2 e) and so 
since Pp^ is shift-invariant, we obtain 

P (W'(i/A'(f)) < f -F 2£) = P^'' (d+ < 2£) = P [2Up < 2£] = P (f/p < £]. 

Further, since in the present case W and W' are increasing and a, a' < Ae by con¬ 
struction, we get 

P( 7 > t) = P(W((t) > t or W'{a') > t) < P[A^ > n] + P{W{n) > t) + P[W'{n) > t). 

Since W{n] is equal in distribution to 2'V{n) (under Pp), W'(0) is equal in distribution 
to 2Up and W'{n) - W'(0) is equal in distribution to 2'V[n - 1), we obtain 

P(W(n) > t) + P{W'{n) > t) <p[f/p > t'|-t-2Pp(7(m-Fn) > tl2- t'). 

Finally, since 

P [y/it) < A^ + m) < P [yf{ t) < m + n) + P [A^ > n) 

and P[y/{t) < m + n) = P(W(m-i- ri]> t] - Pp{2'V{m + n) > t) < Pp{'V{m + n) > t/2- t'), 
gathering the previous inequalities gives the desired result. □ 
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C.3. Proof of Propositions l6.5l and l6.6l Let 

Yp = {2V^^pt),l^^ipt)..... ^.pipt)-[p8 ]) and Yp = [2V;, &>; ([pd])). 

Then by definition of and Pp'’, we have 

Ep [/(Yp)] = El” o ®-\ [f (d^ + d.,^0.^-1.....^-ipS])] 

and 

E [/(Yp) ] = Pjq/(d++ d_, ^^0, ,.... ^^-Ip5]) ] 

and SO for any neN, t',e e U+ and / : IR+ x ^ [0,1] measurable, Lemma [C^ 

gives 

(C.2) |Ep [/(Yp)] - E[/(Yp)]| <p([/; <c) + p(t/; > /) 

+ 3Pp(Y [[pS] + n) > hp[pt]l2- /) + 2P [A^ > n). 

Let p ^ oo, and assume for a moment that the previous upper bound vanishes by suit¬ 
ably playing on the free parameters e, t' and n (after having taken the limit p oo); by 
considering 

/(y,vo,...,V|p 5 ]) = fivl2,vo) 

with /: P+ X ^ ^ continuous bounded for Prooosition l6.5l and / = go H|p 5 ] with g: 
P ^ P continuous and bounded for Pronosition l6.6l this would give the desired result. 
We now explain how to make the upper bound in IC.2I vanish. 

First of all, note that hp[t) ~ pt as p oo: in the non-arithmetic case this is trivial, 
while in the arithmetic case, this follows from the fact that supp hp <oo (which follows 
from the assumption V* => with arithmetic). Therefore, Lemma [5?6l implies that 
^p[T^ilpS] + n)> hp{pt)l2- f') —► 0 as p ^ oo, for S < tl[2p*) and fixed n and t'. 

To deal with the other terms, define and from similarly as Up as from 
Yp, respectively. From Yp ^ we obtain that Up => U^ and so letting t' ^ oo after 
p ^ oo, we obtain 

(C.3) ]Ep [/(Yp)] - E[/(i),)] ] < limsupP[(7p < c] -t-21imsupP(Af > n]. 

p—*oo ^ ^ p—*oo 

We further distinguish the arithmetic and non-arithmetic cases. 

Arithmetic case. In this case, we have A^ => and since U* > 0, considering <C.3I with 
£ = 0 gives 

hmsup ]Ep [fp (Yp)] - E[/p(Yp)] ] < 2P (^“ > n). 

p—*oo 

Since is almost surely finite, letting n^oo gives the result. 

Non-arithmetic case. In this case, we have A^ ^ A^ for any e > 0 and since U^ is abso¬ 
lutely continuous with respect to Lebesgue measure, IC.3I with e > 0 gives 

hmsup ]Ep [fp (Yp)] -E[/p(Yp)]] < P((/;, < e) +2P(A“ > n). 

p—»oo 

Since A’f^ is almost surely finite (for e > 0) and U^ does not put mass at 0, letting first 
n —► oo and then £ —► 0 finally achieves the proof. 
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